Arab Republic of Egypt p 


Ministry of Education 
& Technical Education 


Central Administration 
of Book Affairs 


Second Form Secondary 
First term 


Student Book 
Science Section 


Authors 


Mr. Kamal Younis Kabsha 
Mr. Serafiem Elias Iskander 


Prof.Dr. Afaf Abo Elfotouh 
Mr. Osama Gaber Abdelhafez 


Mr. Magdy Abdelfatah Essafty 
Revised by 
Mr. Samir Mohamed Sedawy 


Mr. Mohamed Farouk Mohamed 
2019 - 2020 
غير مصرح بتداول هذا الكتاب خارج‎ 
وزارة التربية والتعليم والتعليم الفنى‎ 


Introduction 


M 
eJ الله الرحمن‎ — 
We are pleased to introduce this book to show the philosophy on which the academic content 
has been prepared. This philosophy aims at: 


1 Deweloping and integrating the knowledgeable unit in Math, combining the concepts and relating 
all the school mathematical curricula to each other. 
2 Providing learners with the data, concepts, and plans to solve problems. 
3 Consolidate the national criteria and the educational levels in Egypt through: 
A) Determining what the learner should learn and why. 
B) Determining the learning outcomes accurately. Outcomes have seriously focused on the fol- 
lowing: learning Math remains an endless objective that the learners do their best to learn it all 
their lifetime. Learners should like to learn Math. Learners are to be able to work individually 


or in teamwork. Learners should be active, patient, assiduous and innovative. Learners should 
finally be able to communicate mathematically. 


4 Suggesting new methodologies for teaching through (teacher guide). 

5 suggesting various activities that suit the content to help the learner choose the most proper activi- 
ties for him/her. 

6 Considering Math and the human contributions internationally and nationally and identifying the 
contributions of the achievements of Arab, Muslim and foreign scientists. 


In the light of what previously mentioned, the following details have been considered: 

* This book contains three domains: algebra, relations and functions, calculus and trigonometry. The 
book has been divided into related and integrated units. Each unit has an introduction illustrating 
the learning outcomes, the unit planning guide, and the related key terms. In addition, the unit is 
divided into lessons where each lesson shows the objective of learning it through the title You will 
learn. Each lesson starts with the main idea of the lesson content. It is taken into consideration 
to introduce the content gradually from easy to hard. The lesson includes some activities, which 
relate Math to other school subjects and the practical life. These activities suit the students' dif- 
ferent abilities, consider the individual differences throughout Discover the error to correct some 
common mistakes of the students, confirm the principle of working together and integrate with 
the topic. Furthermore, this book contains some issues related to the surrounding environment 
and how to deal with. 


* Each lesson contains examples starting gradually from easy to hard and containing various levels 
of thoughts accompanied with some exercises titled Try to solve. Each lesson ends in Exercises 
that contain various problems related to the concepts and skills that the students learned through 


the lesson. 


* Each unit ends in Unit summary containing the concepts and the instructions mentioned and 
General exams containing various problems related to the concepts and skills, which the student 


leamed through the unit. 
* Each unit ends in an Accumulative test to measure some necessary skills to be gained to fulfill the 
learning outcome of the unit. 
* The book ends in General exams including some concepts and skills, which the student learned 
throughout the term. 
Last but not least. We wish we had done our best to accomplish this work for the 
benefits of our dear youngsters and our dearest Egypt. 
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Unit introduction 


The swiss scientist Leonard Euler (1707 - 1783) is considered one of the most prominent of the eighteenth 
century in mathematics and physics. He had been credited with using the symbol y = f(x) to express the 
function. He had considered that the function is a correlation between the elements of two sets with a 
relation that allows to calculate a variable value of dependent variable Y for another independent X 
which we choose freely. In such a way, he identified the function but not the curve. This contributed in 
converting the geometry into arithmetic relations. He had converted all the trigonometric ratios which 
ancient Egyptians, Babylonians and Arabs had excelled into trigonometric functions. Leonard Euler 
had inserted the constant number e = 2.71828 (Euler's number) as the base of the natural logarithm, 
Furthermore, he discovered the mathematical relation e ^ + | = 0 relating among the most important five 
constants in Mathematics. He had also related among the trigonometric functions, exponential functions 
and the composite numbers. In this unit, you are going to learn different forms of the real functions, 
their behaviour and their graphical representation using the geometrical transformations and graphical 
programs and to use the real functions in solving life and mathematical problems in different fields. 


Unit objectives 
OS ST tst tette 


fields. 

Relate what they teamed about 
the effect of the previous 
transformaticers om the trigonometric 
functions in the form of activities 
Investigate the graphical 
represemtation of the real functions 
which have been previously 
learned amd the effect of the 
previows transformation using the 
“Geogebra” program. 

Use the graphical calculator to 
represent some functions that 
are hard to be represented by the 
common methods, then learn the 
properties of these functions, 
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cubic function - rational function) 
and deduce the properties of each. 
Deduce the effect of the following 
transformations: fUr + à) + b and 
a fix + b) + € on the previous 
functions. 

Apply the previous transformation 
on graphing the curves of the real 
functions, 

Solve equations in the form of : 
lax *bizc, ك + )د ها ع اذا + حها‎ , 
laar«bzcred 

Solve inequalities in the form of: 
lax + اط‎ «c and lax + bi > c, 
lat + bl >c and lax «bic 

Use the real functions to solve 
math and life problems in different 
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Identify the concept of the real 
function, 

Determine the domain, co-domain 
and range of the real functions. 
Identify a simplified idea about the 
Operations on the real functions 
(compositions of functions). 
Identify some properties of the 
real functions. 

Identify the even and odd functions 
and differentiate between them. 
Identify the one-to-one function. 
Deduce the monotony of the real 
fenctions(increasing, decreasing 
and constant functions). 

Identify polynomial functions, 
Graph the curves of (quadratic 
function - modulus functions - 


2 


Real Function * Odd Function + Rational Function 
Domain f One-to-One Function > Asymptote 
Co-domain f Monotony of a Function | Transformation 
Range to Increasing Function © Translation 
Vertical Line > Decreasing Function * Reflection 
Piecewise-Defind Function E Constant Function to Stretching 
Composite Function f polynomial Function f Graphical Solution 
Even Function + Absolute Value Function 


(omm 


Lesson (1 - 1): The real functions. 

Lesson t! - 2}: Some properties of functions. 

Lesson (1 - 3): Monotony of function 

Lesson (1 - 4); Graphical representation of 
functions and geometrical 
transformations. 

Lesson (1 - 5); Solving Absolute Value 
Equations and Inequalities. 
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ENEE EREA As you have studied , the function is a relation between two non - empty 
dp Godin d cmd sets X and Y such that each element in the set X has one and only one image 
than ons née. in the set Y. The function is denoted by one of the symbols f, g, /, .... 
+ Identify the domain and If f is a function from the set X to the set Y then we write : 
range of real function. f: x —— y (read as f is a function from X to Y ). 

* Operations on functions. Notice that: 


be- mn 1- For each element x € X there is a 


zP unique element y € Y by the rule 

EEN of the function and it is written as : 

+ Co-domain y 2 fo) 

» Range 2- the set X is called the domain of the 

function and the set Y is called the‏ اممو 

* Cartesien Diagem co-domain of the function. 

» Vertical Line Domain ^ Co-domain 

» Piecewise Function 3- the set (y =f (x): x € X) is called the range of f and known as the set 


images of the elements of the function domain . 


Real Function 
EJ Matrials A function f is called a real function if each of its domain and 
+ Computer program for co-domain is the set of real numbers N or subset of it 
graph 
* Scientific calculator. 
C7, Example 


1) The relation represented by the opposite arrow 

diagram represents a function where the domain 
0 of the function is the set X = (1, 2, 3, 4) the co- 
domain of the function is the set Y = (5, 6, 7, 8, 9} 


— but the set of elements (6, 8, 9) is called the range 
(a. nE X, of Ge Seaton 
y€ v. Ax) The previous relation can be represented by 


the Cartesian diagram as shown in the following graph where the 
function f = {( 1 6), (2, 8), (3. 9), (4, 6)). 
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Notice that: from the previous example: 

1- The graph of the function is a set of separated points. 

2- The vertical line passing through each element of the domain cuts 
its graph at only one point. 


E Try to solve n 
C1) In the opposite figure, all the squares are congruent if x is the number | 
of rows in this pattern and y is the area of the figure measured by HHA 
square units. 


a What is the value of y when x = 5 ? 
What is the value y when x 29? 

b Write the mathematical relation between the number of rows of 
the figure and its area in the pattern. 

€ Is this relation a function from X to Y ? Explain. 


d) tean 


The vertical line test 

If the vertical line at each element of the domain 
passes through only one point of the points 
representing the relation, then the relation is a 
function from X - 


¥ 3 ME AN 


®) Example identify the Relations Representing a Function 
(2) In each of the following graphs, show whether y represents a function in X or not. 


A 


LELS TA 


Fig (1) represents a function. 

Fig (2) doesn't represent a function because the vertical line passing through the point (1, 0) 
intersects the curve at infinite number of points. 

Fig (3) represents a function. 

Fig (4) doesn't represent a function because there is a vertical line intersects the curve at more 
than a point. 
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@p Example identifying the domain and the range 


(3) a Iff: [1,5] —+ R where f(x) = x41 
Graph the function f and deduce the range of this 
function from the graph. 


b If g: [1, 5| — R where g(x) =x + 1 
Graph the function g and deduce the range of this 
function from the graph. 


© Solution 
ê The function f is linear and its domain is II. 5]. It is |? f", 
graphically represented by a line segment whose two 22. 
ends are (1, f(1)) . (5, )5((. Le. the two points (1, 2) and (5, 6). 
The range of function f = [2, 6] 
Which is the y-coordinates for all points in the domain of f. 


Îb The function g is linear and its domain is II. Sl. ii is cle | T | | | | | 
that g(x) = f(x) for all x € Il. 5{ then g is represented by a ap 

line segment; one of its ends is point (1, 2) and the other ل اس‎ I E 

end (5, 6) is ignored by marking it with an open circle, eel 
nnn E 
— 1 
G) a Mf: ]1١ , لاب ]م‎ where fix) =1 - x [| Teh | جع‎ - TFF 


represent f graphically and deduce the range of the 
function from the graph. 


b If g: K. II. where g(x) 2 1 - x 
represent g graphically and deduce the range of the function from the graph. 
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Piecewise-Defined Functions 


To decrease the consumption of electricity, water and gas, 
the monthly consumption is calculated with respect to 
special categories relating the consumption amount to its 
value. 

The table opposite illustrates the prices of the monthly 
consumption categories for the natural gas at homes in 
piasters. Calculate the value of a home consumption of the natural gas in piasters with a classmate for 


the following quantities: 

1- 30 cubic meters monthly. 2- 60 cubic meters monthly. 

[Taxes and service are added after the monthly consumption is calculated] 

We can express the previous table by the function f to calculate the monthly consumption of gas 
x in cubic meter where x € Jp as: 


40 x when 041 425 
59 | 


100x-1500 when 25 > xg 50 
150x-4000 when دع‎ 50 


It is a real piecewise defined function (defined by more than one rule) 

d) learn 
The piecewise - defined function is a real function in which each subset of its domain has a different 
definition rule. 


E] try to solve 

Check your answer using the previous function in co-operative learn, then calculate the 
value of the monthly consumption of gas for these quantities : 
Is cubic metres d 40 cubic metres `¢ 54 cubic metres 


3-x when -2€x<2 
x when 285 
Graph of the function f and from the graph deduce the domain and range. 
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sen Functions ofa real variable 


ns o 


© Solution 
The function f is defined over two intervals and f(x) is 
defined by two rules: 


The first rule: 
fas سام ع‎ 34x « 2 (i.e. on interval [-2, 20 


at point (2, I) because 2 € [-2, 2| RR EEN 2 


The second rule: 
Ja (x) = x when 2 < x € 5 (i.e. on interval [2, 5] ) 
It is a linear function represented by a line segment whose two ends are points (2, 2) and 
(5, 5). The domain of the function f= |-2, 2| U [2, 5] = [-2, 5] 


From the graph, we deduce: 
The domain of the function f = |-2, 5] 
The range of the function f= ]1, 5] 


E] Try to solve 
x-1 when 2&x«0 


If foo = 
© a E when x20 


Graph the function f and from the graph, deduce the domain and the — of the function = [a , bl 
e 
range of the function. le, d] 
(6) For each of the following graphs, deduce the domain and the range 
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Identifying the Domain of the Real Functions and Operations on them 
The domain of the function is determined from its graph or from its definition rule. 


®) Example identifying Domains of the function 
(5) Determine the domain of each real functions defined by the following <0 


rules: 
— — Imm 
"mt E 1) - حلص‎ — defined on a 
© Solution subset of it. 


a The function f, is not defined when the denominator = O. so we put x? - 9 = 0 
Le. xz +3 then the domain of the function f, is R - {-3, 3}. 


b The domain of the function f, is all the values of x * 


which make the quantity under the square root is non - e——— 


3 
negative, i.e. the values of x which make x - 3 2 0. 
“4-370 — x23 . the domain of f, = [3, » [. 


c The domain of f(x) = Yx- 5 is ¶ because the index of the root is an odd number. 


d f, is defined when x2 -4 > 0 2 يانه‎ è 
then the domain of f, is ,عه-[‎ -2] U [2 , ]مه‎ =R -[-2, 2] 2 2 


Notice; 
If fox) 2 Vg) € Z*, n> 1 and g (x) is polynomial 
First: If n is an odd number, then the domain of the function f is R. 


Second: If n is an even number, then the domain of the function fis the values of x which satisfy 
gi) 20 


E] Try to solve 
GD Determine the domain of each of the real functions defined by the following rules:- 


a متشي د وار‎ PANT 


€ -= d fis) = Fs 
Critical thinking: 
If the domain of the function f where fix) E z iR - (3), find the value of k. 
- t+ 
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3 5 7 ve: | unc ions ol * فر‎ 1 * ` 
DA eau . barn 2 oO n Aar 
" a 
4 
ay Sear Operations on Functions 
on 


If f, and f, are two functions whose domains are D, and D, respectively, then: 


1 NIDM WEAD  . the domain of (f, K £j) is D, D, 

2 C. N H — . the domain of (f,. fj) is D, D, 

3 yw Ji TAQEL the domain of (4.) is (Dj D) - Z (f) 
where Z (fj) is the set of zeros of f, j 


We notice that, for all previous cases, the domain of the new function equals the intersection of 
the two domains f, and f, except the values which make f (x) = 0 in the division operation. 


q nem 


It A * 4. g ( = 4x42,  z()-/4-x, 
first: Find the rule and the domain for each of the following functions: 


a (f+) b (g-2) 
€ (f.z) 40 
second: Evaluate the numerical value (if possible) for each of the following : 
a (g-2() b (f.2)(5) LE e (3) 
© Solution 
first: The domain of f= D, =R , the domain of g = D, = [-2, © | 
and the domain of z = D, = ]-» , 4] 
a CO- "m. cM eres 
=x - 4x + x42 و‎ 1 = 
The domain of the function (f + g) is 2 01 0P3 
RNA [-2,% |= ]-2 ,© | 
b مودي‎ gi) - ها‎ "—— —— 
z4x*2 - VOX PL. HEEL. OE DN 
The domain of (g - z) (x) = [-2 © [ N ]- œ, 4] د‎ ]-2,4] f ono; 
= E LIT 5 
€ (f. 2) (x) )امارد‎ 5 
= (à - 4x) / 47x ەر ورو ا 44م‎ 
The domain of (f. 2) = RN ] = , 4] =] -*6 , 4[ .:: " 
E ھ‎ 
D, n D, 
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d = — Ä — 
4 o7 2) = x 5» 5 
Ud d nc RR D 


Dn 
The domain of (2) = ] - ,4] NR - (0,4) =]  , 4l- (0) 


Second : Numerical values: 
ها‎ „ S Jx*2- J for all x € 2. 4 


.1el-2,4] “(gz 3ع‎ -/3 =0 
D C. OGS - Ax) دلوك‎ forall x زع‎ -œ , 4] 
, 5» ]-»,4] Sf. 2(5) mot defined 
6 0 = 1 8 
€ “He Spf forall xe po 4 {0} , 
. 1 = = 
34-70 - - 
El Try to solve 


@ If f and g are two real functions, where: 
fo) تدع‎ - 4, gx) = Jx- find: 


|& The domain for each of the functions: (0.0.0. O. 0) 


f 
d The numerical value for each (if possible): 
(*06. (20. d (3). d (-2) 


Co-operative learn Composition of Functions‏ ليا 

A factory exports a part of its production. This parts is given by the relation f(x) = 1 x where x is 
the number of produced units in the first year. and the number of exported units in the next year 
is given by the relation g(f) = + 1500 where x is the number of exported units in the first year 
search (with a classmate) how many units exported in the second year if the production of the 
factory in Qo en your ie 
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.ا —— 


If the intersection of the range of the function f and the domain of the function g » Ø then we can 
get a new function z composed of the two previous functions | z= gef | 

it is read as g composed / or g after / where the function / is applied first then the function g. 
thus z(x) = (g o f) (x) 


= g (Go) 
from the previous diagram, we find : 
"a z (20000 ) = g 20000) b (800000 - 0 
"(n 120000) = ل‎ x 20000 
= 5000 + 1500 = 6500 units - 


Think; Is the composition of functions a commutative operation? 
> to search for the answer, find (f o g ) (x) , (g o f) (x) Where fx) = 42 , g(x) = 2x 


E try to solve 
O) if fx) =x +6, g(x) =3x 
First: find (f o g) (3) 
Second: Determine the values of x which make (f o g) (x) = 42 


aes C 


Choose the right answer: 
CI) The relation shown by the arrow diagrams and represents a function is : 
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@ The relation shown in the following graphs and doesnot represent a function is: 


GD The relation shown by the set of the ordered pairs and doesnot represent a function is: 


„ (01. 3), G. 5), G. 7), (7,9) b (2.3). G. 4), (2, U. G. 5) 

e (00. 3), (1, 3), (2, 3), (3, 3)} d. {(-3, 5), Cl. 5), (0, 5), (2, 5)} 
(4) In all the following relations y is a function of x except: 

a ysirel b y=2-4 

€ xsy-2 „ein x 
Answer the following: 


x-1 when 2 <xg4 
I when 2882 
then graph the function and deduce its range from the graph. 


GD Determine the domain of the function f where f(x) = | 


© Graph the function f where : 
x*3 when x 22 


21 1 hen x <2 and from the graph, deduce its range. 


A 


2+3 when -2€&x«0 
GItfo ع‎ | 
l-x when 0 دع‎ 4 


Graph the function f and deduce its range from the graph. 


+l when 3gx«0 
x+2 when Ozxz3 


0 If ضار‎ | 


Graph the function f and deduce its range from the graph 
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~4x+3 when «<3 
M I when 3Ç x<8 
324] when x> 8 


82 


a 2 b j3) € fü0) 
40) Mechanics; If the velocity v(t) of a motorcycle is given by 


8t when Oct< 10 
wfe when 10 > t< 200 


-4t + 880 when 200 > t > 0 
where t is time in second and v is in cm/sec. Find: 


„ b w(150) € ¥(210) 
ii Trade; The function f, where: 
ix when 0 € x € 5000 


fi) = { 2x4 2500 when 5000 > x € 15000 
$x + 10000 when 15000 « x € 60000 


represents the amount of money charged by a company to distribute an electrical appliance in 
L.E where x represents the number of distributed appliances, find : 


a (5000) b 10000) `€ (50000) 
42 Geometry: If P is the perimeter of a square of a side length Z. Write P as a function of / 
(P (£)) then find: 
a P(3) 


LLL 


43 Geometry If A is the area of a circle of radius length r. Write A as a function of r (A= fir), 
then find A(}) and A(S). 
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14 Determine the domain for each of the real functions defined by the following rules: 


Ow = Fe; Daa = At 
€ fix) = /x-2 d fa) = تو 4 أو‎ 
LU obi, LU sites 


43 Iff; R - R where ع نار‎ 3x- 1 and fy [-2,3]—5 R where f, () 22x44 
nnd: (f, +f,) (x) . (f, G and deduce the domain of each function. 


48 1t f (9) = x + 2 and the domain of f, = [-3, 4], f(x) = x + 2x and the domain of f, = |-1,3]. 
Find : رلا‎ +f) 09. -f 6. . C (x) and deduce the domain of each function. 
1 


647 MfG) = 3x « 1, go) e x! - Sand ho) تدع‎ 
Find: 


a )وين‎ b (g. f) C3) € (geh)(l) 4 (h«f(2) 


48 AN = ل‎ , ga) K 23 
Find: (fo 2)(x) — . (gof) and deduce the domain of each function. 


49 If A تدع‎ -3 7 g(x) = 4x-23 
Find: (f o g) (x) in the simplest form and determine its domain then find (f o g) (3) 


20 Creative thinking; 


If zG)m قرو‎ -4 , find the two functions f and g such that zí(x) = (f * g) (x). 
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The graph of the function f where y = f(x) may be characterized by some 
geometrical properties that can be noticed easily from the graph. These 
properties can be used in studying the functions and their applications. 
The most common properties are the symmetry about y-axis or about 
the origin point. 


Introduction 

You have studied the symmetry about a straight line where the curve 
can be folded about this straight line completely. You have also studied 
the symmetry about the origin point 


In Figure (1): 
The point (-x , y) lying on the curve is the image of the point (x,y) lying 
on the curve by reflection in y-axis. 


In Figure (2): 
The point (-x , -y) lying on the graph of the curve is the image of the 
point (x, y) lying on the same curve by reflection in origin point. 


El Try to solve 


1 In the following figures, show which curve is symmetric about 
y-axis and which is symmetric about the origin point. 
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Critical thinking: 
Are curves of all functions symmetric about y — axis or about the origin point only? Explain. 


Even functions and odd functions 


The even function: the function f: X — Y is said to be even if f- x) = f (x) , for all c. x € X. 
The curve of the even function is symmetric about y-axis. 

The odd function: the function f: X —— Y is said to be odd if f(-x) = - f (x) for all + , x € X. 
The curve of the odd function is symmetric about the origin point. 


Notice; A lot of functions are neither even nor odd 

when we investigate whether the function is even or odd, the two elements x, -x must belong to 
the domain of the function. If this condition is not satisfied, then the function is neither even nor 
odd without getting f -x) 


C^. Example 
i Show the type for each of the following functions (even - odd ). 
a N= b ع قيار € 2 دنار‎ PETE] d fix) = cos x 
© Solution 
a f(x) =. domain of f=R 
foreach xand * eR , then f-x)=(-x? =x? 
Le.: fi-x) = fix) then fis even function 
b fU) = x, domain of f=R 
foreach xand -x eR , then: NN = (-)? = - تر‎ 
Lex NANA) then f is odd function 
Important remark, 
The function N EK. fix) = ax" where a #0 ,n € Z* is called the power function. 
The function is even when n is an even number and it is odd when n is an odd number. 
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€ fix)= 4x33 ine domain of f = [-3 , | 
notice 4 e [-3 ,» | while - 4 € [-3 , ]عه‎ 


then f is neither even nor odd 
@ fix) ع‎ cos x , the domain of f 
for each x and -x € È then : 
fx) =cos (-x) = cos x 
then : f-x) = fix) then f is an even function 
E Try to solve 
2 Determine the type for each of the following functions whether even. odd or otherwise. 
a نار‎ =sinx b f(x) =x + قرع ور © دوم‎ -sinx 
d fix)= cos x e تدع وار‎ sinx (^4! fix) =x cosx 
9 fosse h flO = sin x + cos x 4 A) = sin x cos x 
What did you deduce? 
important properties ; 
If each of : f, and f, is an even function and each of gand g, is an odd function, then: 
1) f, +f, is an even function 2) g,* g, is an odd function 
3) f, xf, is an even function 4) رع‎ x gis an even function 
5) f, x< يع‎ is an odd function 6) f, + g, is neither odd nor even 
Using these properties, verify your answers in try to solve (2) 
O) example 


(2) Each graph of the following graphs shows the curve of the functions f. Determine which 
functions is even, odd or otherwise. Verify your answer algebricall y. 


a 
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© Solution 


` a From the graph of the function f (x) = x? + x, we notice that the domain of f=: 
the curve of f is symmetric about the origin point, so the function is odd. 


for all x, x S تزع -) ع (د) گر“‎ (ox) 
simplifying : fox) -A 
take off (-1) a common factor fex» =-(8 x) 
Te A <. fis odd. 


|b From the graph of the function fix) = 2 - x? ve notice that the domain of f = [-2, 2] 
the curve of f is symmetric about y - axis, so the function is even . 


* for all , x, t € [-2, 2] . f) =2 - 7 
simplifying f(x)=2-2 
fiw =f w fis even 


.€ From the graph of f (x) =x? - 4x , we notice that the domain of f = IR the curve is neither 
symmetric about y-axis nor about the origin point, so the function is neither even nor odd: 


„ K. re “. f) =) -4(-x) 
simplifying ودار‎ =x + عد‎ A ^. fis not even 
but ffo) AR 
then x) £f) ^. f is not odd 
^. ke. the function is neither even nor odd. 
E Try to solve 


GD Show the type for each of the functions represented by the following graphs (even - odd - 


Student book - first term 1 9‏ مطابع أكتوبر 


EB. ARE 
ZS û TENET 


I when x«0 
fw={ * 
1 when x»0 
x 
show that this function is an even function and verify that BES 
algebraically. 
© Solution 
From the graph, the curve of the function is symmetric about y-axis, so the function is even. 
Algebraic verification: 
the domain of f = }-æ , O[U [ 0, | 
replacing (-x) insted of (x) I when (90 <0 
‘forall x. -x € domain f ..f(-x)= (x) 
ل‎ when (x)>0 
(x) 
Simplifying 


when x»0‏ ل 
* |= ضكر 
when x<0‏ 


A. 
x 
ل‎ when x <0 
x 
ل‎ when x >0 
x 


exchange the two rules Ax) = | 
Le. f (-x) = f (x), so the function is even. 
E try to solve 


2 where x2-2 
(4) Represent graphically the function f where f(x) = w 5 


-x-2 where x«-2 
then show whether the function is even, odd or otherwise. Verify your answer algebraicall y. 
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One - to - One Function (Injective Function) 
the function f X —— Y is called one- to - one function if : 
forall a, beX , f(asf(b then a=b 
or for all a # b then f(a) * f(b) 


صل 
Each figure shows the curve of the function f: X — Y. Prove that fis one - to - one function.‏ )4( 
OLLI ILI‏ 


=x +2 the domain of f = R‏ ار ها 
for all a. b e R then fla)=a+2 , f(b)=b+2‏ 
let f (a f(b)  .a*2zb«2‏ 
eleminate 2 from both sides a b then / is one - to - one function‏ 


b . „the domain of f= - { 2} 


for all a. be R - (2) then fla) = 28-3 , gb) = 8-3 
— ے‎ 3-5 
ltf(a)zf(b „. ^". x us 
By cross multiplying, we get 3ab-6a-5b«1023ab-6b-5a« 10 
by eleminating and simplifying ^ asb ~. fisone- to- one function 
n. horizontal line test 


The function f : X —* Y is one - to - one function if the horizontal line ( parallel to x - axis) at 
each element of the range elements of the function intersects the curve of the function at one point. 


E] Try to solve 
(5) In try to solve (3) page (19) show which figures represent one-to one function. 
© Prove that f : X — Y is one-to one function where: 

a 22x- b z3M-$ 

a f(x) 2 22-3 b gix) ict 
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f(2)=4,f(-2)=4 ..f(-22f(2)24 
257 2 then fis not one-to-one 
We see that the horizontal line at y = 4 corresponds two 
unequal values for the variable x which are -2 and 2. 


E Try to soive 
(2) Show that , the function f: X V is not one-to-one function. 
ها‎ =I b ترد زع‎ -5x+6 


Critical thinking; Can the even function be one-to - one function? Explain. 


e Exercises (1- 2) 


i) Determine the symmetry for each of the following curves (symmetric about x-axis, y-axis or 
origin point). Explain. 


LAP BID 13?354* 
* r 
Bi “SpE ae 
Satie 2S 
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لت ات سانانا 
aed oe a |‏ 
se 2 a Babar‏ 


) Investigate the type for each of the following functions (even - odd - otherwise). 


a ND N b -K -4 LET 
d fix) تدع‎ -3x - 1 
0 final 2+6 ^ fo) d تزرب تن دور‎ 


(4) If f,. f, and f, are three real functions where f(x) = x*, f(x) = sin x, f(x) . 
then determine which of the following functions is even, odd or otherwise. 


8 hth b ff, efh LEATA 


G) If fand g are two real functions where flx) = (3 - x)? , g(x) = (3 +x)? 
then determine which of the following functions is even, odd or otherwise. 


a عجر‎ b f-g € f.g Or 
© Graph each of the following functions and from the graph, show whether the function is 
even, odd or otherwise and verify that algebraically. 
2 when x»0 


-x when x>0 


aaf e». when x<0 


2 when x > 0 
x*l when 2ع‎ 0 


0 
l-x when x<0 


7x when x<0 
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First: Complete the curve in figures (1) and (3) in your notebook to get an even function 


over its domain. 
Second: Complete the curve in figures(2) and (4) in your notebook to get an odd function 
over its domain. 
Third: Determine the domain and range of the function in each case, then show which graph 
represents one-to-one function. 
(8; In each of the following, determine whether the function is one-to-one or not. Give reason. 
ها‎ fos3x«l مره‎ I € N! 
d f()e228-x-3 e N 0 فرع‎ +22 +1 


> Industry; Said works in a factory producing energy-saving lamps. If his salary was 8 pounds 
for every working hour in addition to 0.3 pound for each lamp produced daily. 


Find the rule of the function f which expresses said's salary if he works for 7 hours daily . 
d ls the function fone-to- one ? Explain . 


10 Creative thinking; Represent graphically the curve which satisfies each of the following condition: 
0 Passes through the points (0 , -2) , (2 , 2) , (3 , 7) and represents an even function. 


b Passes through the points (0 , 0) , (-2 , 1) , )-3 , 5) and represents an odd function. 
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Think and discuss 

The opposite graph shows the 
temperatures recorded in Cairo 
on a day. Observe the change of 
temperatures according to time, 
then find from the graph: 
8 The periods when the 
temperature decreases. 
b The periods when the 

temperature increases. 
€ The periods when the temperature is constant. 
The curves help us know the behaviour of the function f and identify the 
intervals of increasing, intervals of decreasing or intervals of constant 
which is called monotony of the function. 


! 
Ty 


Increasing function 
The function f is said to be increasing on the 
interval Ja , bf 


forall x, , x; € Ja, b[ 
when: x, >x, 
then 


Gy 
Decreasing function 
The function f is said to be decreasing on the 
interval Je, ]ل‎ 
for all x, , x, € A. 
when: x, > x, 
then f(x) < f(x,) 


Constant function 
the function f is said to be constant on the 
interval: | , m[ 

ifix x, Ell, ml 

where x, < x, 
then f (x) =f (x,) 
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i Discuss the monotony of the function represented by the 
opposite figure. 


© Solution 
> the function is decreasing on the interval I-. Of 
> the function is increasing on the interval JO, 2] 
> the function is constant on the interval |2, | 


E try to solve 

In the opposite graph: Discuss the monotony of the function. 
* 
q rm 


(2) Each of the following figures shows the graph of a function 
f: X ——* Y where Y = f(x). Deduce the domain , range and the monotony of the function. 


a The domain of f= R =] - ,% [ , range of f= | -æ ,% | the function increases on ]-» , | 


d The domain of f= | -æ , 2] U] 2,» [ =] - l. range of f=R 
the function increases on |-%, 2] , and also increases on | 2 ,» [ 


(© The domain of f = IN. 1[U [ 2,2 | , range of f= | - œ, 4| 
the function is constant on | -æ , 1] , and decreases on | 2 .» | 
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| Ax 
BEANERSL@ 
ww u 
Cor i O 


Critical thinking: Which of the previous figures represents one-to-one function? 
explain your answer. 


Using the graphing programs to study the properties of functions 
(there are a lot of graphical programs to represent the functions. The most famous is free GeoGebra 
for tablet or computer) 


7 — 0 Use the GeoGebra program in graphing the geometric 
transformation for functions. 


Use GeoGebra to represnt graphically the 
function f where f(x) = x? - 3x + 2 , then find: 


a The domain and the range of the function f. 


b Discuss the monotony and the type (even 
odd - otherwise): 


1- Open algebraic window , graphing gy 


roach the shows window ia ( 
2- In the algebraic window, write the rule of 
function f(x) = x - 3x + 2 in the input bar IOAN], 
as follows: i-J : 
— start (X) DD BD O (3) (3) OB (3) 


press @ the curve of the function appears in 
graphical window and the rule of the function in 
algebraic window as shown in Fig (2) 
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3-To determine points on the curve of the 
function, choose ^ from the tool bar 


E REE — Ec 
pointer until it reaches the point determined 
on the curve. Press left click on the mouse 
so the point will appear on the curve in the 
graphical window and the coordinate of the 


point appears in the algebraic window as 
shown in Fig (3). 


From the graph: 
a The domain of f= I- | , the range of f= | - œ, æl 
d The function is increasing on E © , -1] , decreasing on 

1-1 , H. increasing on II. œf 
The function is neither even nor odd. 


bates i au (Ui ioe AB 
Drill on the activity | qM 
Use Geogebra to draw f: f(x) = 3x N and from the graph check 
the monotony of the function and its type even , odd or otherwise . 


Q £e 0» 


(GD The following graphs represent the graph of some functions, deduce the range and discuss 
the monotony from the graph: 
LLLLLTIMIT. 


LR‏ سانا 
BSS? sk HA IE]‏ 


LN ISI 
— 727 +01 3-17 


— 22 
“ار م ده‎ 4 4 3 4 «| 
HPS 
Bah Rew 
LLLI EIL ذا‎ 
ates Shae 


Figure (3) 
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2) Using the following graphs, deduce the domain. range and the monotony of each function. 
2 5 


EEK IEE m 
Bhs 2a ee 
ei A |] |! RIX 
ELE RE 44 | 


Gif 712. 6] —R 
4-x when x«l 
»م‎ | 


x when 1£€x&6 


a Graph of the function f and from the graph, deduce the range of the function and its monotony. 
b Is the function one -to one. Explain . 


Can the function which is increasing or decreasing continuously on its domain be one - to - one? 
Explain. 


(GD Using a graphing program. draw the curve of the function f in each of the following, then 
deduce the range, the monotony and its type ( even ,odd or otherwise ). 


a دور‎ 2-5 b f()s4-x € fu)s(x-I «1 
d fis تہ‎ „ x)= - 3x حت مو‎ 
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The Polynomial functions 
You have studied the polynomial function whose rule is in the form: 
fo) say + ax + aye + aye s a x 


where: a, a,, a a a, ER, a, ^0, ne€N 

and you knew that the domain and the co-domain are the set of the 

real numbers R (or a subset of it). As a result, these functions are 

called polynomial functions of n degree (n is the highest power of the 

independent variable x). 

Notice ; 

1- If fix) =a, „a, O then fis called a constant polynomial function. 

2- Polynomial functions of the first degree are called linear functions, 
second degree are called quadratic functions and the third degree 
are called Cubic functions. 

3- Adding or subtracting different power functions and constant, we 
get a polynomial function. 

4- Zeros of the polynomial function are the x -coordinates of the point (s) 
of intersection of the curve with x axis. 

5- Two polynomial functions f and g are equal if they have the same 
degree and the coefficients of corresponding power of x are equal. 


(1) If and g are two polynomial functions where f(x) = (a x + 5P, 
g(x) = 9 30x +c -4 and if fx) = gx), find a, c. 


© Solution. 
A) = (ax + 5)? za! تر‎ + 100 + + 5 
"^ fo) = g(x) then corresponding coefficients of x are equal 
Comparing the coefficients of x . 10a = 30 a =3 
Comparing the absolute term: c - 4 = 25 then c = 29 


E] try to sotve 
@ HAN) = (a +2 b)x-cx +4 , g(x) =7 + Sx «(a-b) 
find the values of a, b and c which make f(x) = g(x) 


2019-2020 
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SS 


1 NA 
the function f joins the number by itself and is represented 
graphically by straight line passing with origin point (0, 0), 
and its slope = 1 
(check : its range = R f. is odd and fis increasing on R) 


2) تدع زدار‎ 
the function f joins the number by its square and is represented 
graphically by an upward open curve and symmetrical about 
y-axis, and its vertex is (0, 0) 
(check: its range = R, fis even. and f is decreasing on عل‎ , Of, 
and increasing on [0,6 |) 


3) تدع ودار‎ 
the function f joins the number by its cubic and is represented 
graphically by a curve its point of symmetry is (0, 0) 
( check : its range = R , f is odd and increasing on R) 


QB Example 
(2) Graph the function f where: 
ضار‎ = x) when x<2 
4 when x>2 
O Solution 


1) when x < 2 , fios à 
we graph f(x) 2 x? foreach x € ]-» , 2] 
with putting an open circle at point (2, 4) as in Fig (1) 
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2) when x > 2: زدثر‎ > 4 
we graph the constant function f(x) = 4 for each 
x € [2 , [on the same diagram fig (2) 
Notice that the domain of f = R - (2) , the range of 
عر‎ ]0 , =| 
E Try to solve 
(2) Graph the function f where: 
4 when x <0 


feos | then , deduce the range of the function and its monotony. 
x when x 20 


the simplest form for absolute value function is f(x) = lly e I. 
and it is defined as follows : 
A» | x when x > 0 
= 
4 -x when x < 0 


Notice: | - 31213123, 0 0. CF =V 2 
Lert O. Lela. Ye nid FFTPTTLEEETZE 
The function fis represented graphically by two rays starting from point (0, 0) the slope of one of 
them = | and the slope of the other = -1 

(check ; its range = [0 , ]م‎ , fis even , fis increasing on JO, عه‎ [ and f is decreasing on ]-œ, 0 [ ) 


V re The Rational 
the simplest form for the rational function is: 
Kx) s 1 ,xeR- (0) 
the function f joins the number by its multiplicative 
inverse and is represented graphically by a curve whose 
point of symmetry is (O , 0). It consists of two parts one 
of them lies on the first quadrant and the other lies on 
the third quadrant. Each part approaching to the two axes 
doesnot intersect them ( x = 0, y = 0 asymptotical line) 
(check : its range = R -{0}, f is odd and is decreasing on, [- ,عه‎ 0| , and is decreasing on [0,6 [) 


ld when x 50 
1 when x> 0 
from the graph, find the range of the function and check its monotony. 


E Try to solve 
GD Graph the function f where f(x) = | 
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Geometrical transformations of the curves of the functions 
First: Vertical Translation of the function's curve 


Work with a classmate 

1) Graph the function f: fx) =x? 
use the program geogebra 

2) Put the pointer on the vertex of the curve and 
drag the curve vertically upwards one unit . 
Notice the change of the function base to 
express a new function whose base is 
fo) = x3 + Las in Fig (1). 

3) Drag the vertex of the curve to point (0, 2) and 
(0, 3) then write down your notice each time. 

4) Drag the curve of f(x) 2 x? vertically downwards 
2 units. Notice the change of the function base 
to express a new function whose base is 
fix) =x? - 2 as in Fig (2) 

Think; show how f(x) = 2د‎ - 5 can be graphed using 

the curve of function f(x) =x? 
we can deduce that: 


If fix) =x? , g(x) =x? + 1 and hx) تدع‎ - 2, then: 


1) The curve of g(x) is the same curve of f(x) by 
translation a unit in the positive direction of 
y -axis 

2) The curve of h(x) is the same curve of f(x) by 
translation 2 units in the negative direction of 
y -axis 

Critical thinking ; using the curve of function fx) = x , show how the curves of each can be 
graphed: 
a زنع‎ 4 b ترد ون‎ -5 


Graphing the curve y= fix) +a‏ اا J Learn‏ ب 


For any function كر‎ the curve of y = fix) + a is the same curve of y = f(x) by translation of a 
magnitude of a units in the direction of O Y when a > O and in the direction of O Y' when a < 0 
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@> Example 

(3) The opposite figure shows the curves of functions f, g and h. 
where each of g and h are the image of the function by 
à vertical translation. Write the rule of the functions of g 
and h where f(x) = ld 


© Solution 

the curve of the function g is the same curve of the 

function f by translation of a magnitude of 3 units in the 

direction of OY 

then g(x) = fo) - 3 

^s fü) = ld then g(x) = ld - 3 

the curve of the function h is the same curve of the function f by translation of a magnitude 
of 2 units in the direction of OY , then h(x) = x) + 2 

"s fx) = then h(x) = bd + 2 


LELLES LELE 
LEGEA I 
LL LIA LIA! 


E Try to solve 
(4) The given figures show the curves of the functions f , ع‎ and h where ع‎ and h are the images 
of the function f by a vertical translation. Write the rule for each of g and h in each figure. 


a b 


DEBE 
alfa tite 
[2 xe | 
BP am" 
Par | | te? 
إا‎ 
Ea CEE A 
ede Wi Rie 
Sab LES 


D co-o serative learn. Work with a classmate : 


1) Graph the function f : f(x) = ld using 
geogebra by writing the rule of the function 
in the input box as follows: abs(x), then 
press enter. The curve of the function will 
appear in the graphical window and its rule 
زيار‎ = will appear in the algebraic window 
asin Fig (1) 
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PS) 


2) Drag the curve of the function horizontally in LI o 
the positive direction of x -axis fora number 
of units, Notice the change of the function 
base in the algebraic window 
as in Fig (2) 


3) Drag the curve of the function horizontally in 
the negative direction of x -axis fora number 
of units. Fig (3). What do you notice? 


Think; Show how the two curves of the functions 
g and h can be graphed using the curve of 
the function f where f(x) = ld, 
g(x) مك‎ - Si and h(x) = lx + 41. 


Graph the curve of y = f (x + a) 


For any function f ; the curve of y = f(x + a) is the same curve of f(x) by translation of a magnitude 
of a units in the direction of OX when a < O and in the direction of dN when a > 0 


Notice; In the opposite figure: f) =u: [FIT ALP APY, 
STE SE E AE BEBE 

1) The curve of the function g is the same | NT RT TIX D^ | TT. 
curve of the function by translation of | | NI KII X | III 


the two rays is (3, 0) 

2) The curve of the function h is the same curve of the function f by translation of a magnitude 
of 2 units in the direction of O X 
^. h(x) = Lr + 21 and the starting point of the two rays is ( -2 , 0) 


@) Example 

(4) Use the curve of the function f where f(x) = x? to represent each of the two functions g and h 
where : 
a g(x) د‎ - 2 b نيز‎ Hay 
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a LESITIMITM LI 
AL ALT Tl 
ALIN AL TA TT E 
kh bé WI ARS 
NANA LIL, 
AD م ظ م هط م‎ | 
> the curve of g(x) = (x - 2? is > the curve of h(x) = (x + 3} is 
the same curve of f(x) = a? the same curve of f(x) = x? by 
by translation 2 units in the translation 3 units in the negative 
positive direction of x -axis direction of x -axis and the curve 
and the curve vertex point is vertex point is (-3 , 0). 
(2,0). 
E] Try to solve 
(5) Use the curve of the function Ax) = x? to represent each of the two functions gand h where: 
a g G4 b ho)s(x-3* 


QU VIR سس مس‎ EE 
i € 


E 
J BH LLIS] 


* 


Y 
E 
LES 
ae 
LE 


RÉ 


Critical thinking; If fx) =x? , show how the curve of the function g where g(x) = (x - 3) + 2 
can be graphed. 

Graphing the curve of y = fx + a) +b 

From the previous we deduce that: the curve of y = fix + a) + b is the same curve of 
y = f(x) by a horizontal translation of a magnitude of a units. 


( in the direction of OX when a < 0 , in the direction of OX when a > 0) , then with a 
vertical translation of a magnitude of b units ( in the direction of OY when b O and in 
the direction of O Y' when b > 0) 
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E] Try to solve 
GD Use the curve of function f where f(x) = x? to represent each of the two functions g and h 
where : 


a gx-(x42)-4 b h(x) = 3-3 - 1 


@) Example 
(s) Draw the curve of the function g where g(x) = سف‎ + and from the graph, determine the 
X- 
range of the function, and discuss its , monotony: 
ف 6 89 5 39 38 كر‎ NERES 


© Solution 
. ee 
the function f where fix) = 1 by translation of 
a magnitude of one unit in the direction of OX 


(a = -1 < 0), then by translation of a magnitude 
of 3 units in the direction of OY and the point of 


symmetry for the curve of the function g is the point | | | | .. 


(1, 3), Range of g =È - {3} and the monotony of the function g: 
gis decreasing on | - œ, 1| , and is also decreasing on |! , © [ 


Critical thinking; Can it be said that f(x) = جل‎ + 3 is decreasing on its domain? Explain. 


E Try to solve 

(8) Use the curve of the function f where fix) = + وتيت ا‎ 
a 3 r 
a gx) 7 b hix) Zr 


Gusen se و و می‎ eee — pale 


FHE 
١ 1 99 ؟ /ها 80 1 ! نذ الها‎ ١ 
SISA LELE FF BIRR 72 
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Unit One: Functions of a real variable and drawing curves 


Activity Using the graphical calculator to graph functions 
To use the graphic calculator to graph the curve of the function f where 
fo) = x3 + 4x + 1, follow the next steps 


1) Turn calculator on and press MENU then move the indicator to 
choose graph then press EXE which is the entering button 
to get the typing window. 

o 
| 7) OO! 
st ب‎ SA) SY 


| 1 j OO oS 
Lo OOD 


2) In typing window, write y, using the button 7, @ x to 
type the variable x , so press the following buttons : 


— start T, Ox R 1 Lx 9 010 


3 


3) To graph the function — start EXE O EXE 


the graphical window appears as shows in figure, 


4) Use the button C in the graphical window to study 
the function. 


Notice; 
fix) = x? + 4x + 1 by completing the square 

= (2+ 4x + 4) -3 

= (x +2) -3 
i.e the curve of the (given) function f is same curve 
of the function g where g(x) = x? by translation of a 
magnitude of 2 units in the direction of OX then 
3 units in the direction of V as shown in graph 
opposite. 
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Application: use the graphical calculator to graph the curve of the function f 
where fix) = + 4 from the graph, determine the range and monotony. 


Third: Reflection of function's curve in x-axis 


The given figures show the reflection of the curves of some standard functions in x-axis. 


LII JM 1 
لا‎ 1% 12 
BAM 
—— 


What do you notice? What do you deduce? 


Graphing the curve of y = - f(x) 
For any function f, the curve y = - f(x) is the same curve of y = f(x) by reflection in x — axis. 


® Example Using geometrical transformation in graphing the curve of the 
functions 


(6) Use the curves of the standard functions to graph the curves of the functions g , h and z where: 
a g = -)) 3 b h(x) A - ا3ذ+عا‎ 


c w(x) =2 - جك‎ 


© Solution 
a Thecurveof زياع‎ is the same curve of f(x) = by reflection 
in x — axis, then horizontal translation of a magnitude of 
3 units in the direction O X . The curve vertex point is 
(3, 0) and the curve is open downwards. 


b The curve of h(x) is the same curve of f(x) = bd by 
reflection in x — axis, then horizontal translation of a 
magnitude of 3 units in the direction of OX followed 
by vertical translation of a magnitude of 4 units in the 
direction of OY and the starting point of the two rays is 
(-3, 4) and the curve is open downwards . 
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€ The curve of z(x) is the same curve of fx») = ل‎ by 
reflection in x-axis followed by horizontal translation of 
a magnitude of 3 units in the direction of a magnitude of 
“OY then vertical translation of a magnitude of 2 units in 
the direction OY , and the point of symmetry is (3, 2). 


E Try to sotve 

GÒ Graph the function g in each of the following where: 
8 gx)23-(x1y b gx) =-(x-3) 
€ أ5 - ا - 3< دام‎ 


then check your answer using a graphing program or the graphic calculator. 
© Example using the geometrical transformation in graphing the curves of 
the functions 


(7) Usethesuitabletransformationtographthecurvesofthetwofunctions gand h where g(x)=4-x 2and 
h(x) A- 


© Solution 
First: graph the curve of the function ع‎ 
the curve of the function g is the same curve of the function f 
fix) = x? by reflection in x axis. then vertical translation of 
a magnitude of 4 units in the direction of OY illustrated in 
fig (1) 


Second: graph the curve of the function h 

h(x)s!4-37| then نيط‎ = 

Then y coordinate is positive for all the points of the curve of 
function where y ع‎ Ig(x) 


) hen g(x) 20 = 
9 | oe ia SSAA BAVAN 
43 wai go) c RWI I 


nd "$3349 111. 
ke the curve of functions h lies in 1* and 2“ quadrants, -E 


which means reflection for the curve of the function g for all L-1 H1 1-1 8 8 3 


g(x) <0 in x-axis Babs WEST 
as shown in fig (2). لقنا‎ Ew Te | 


Fig (2) 
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E] Try to solve 
41 The following figures show the curves of the functions f, g and h. Write the rule of the 
function in each figure: 


a 


ELERI LELEL 
SEM GREET ER 
Bb 6 1S ele 
FIM ——— 
it i ف‎ 


Graph the curve of g(x) = a f (x) 

work with a classmate. 

1) Graph the curve of f f(x) = x? using Geogebra 
and in the input box, write the rule of function g as 
follows: 


— sart (OF FOOD 
A new window will appear (Fig 1) 
choose Create sliders 


2) Use the indicator of a to choose other values of 
a where | <a 
Notice the motion of the curve with respect to the curve 
of the function f for each 
x € Ras in Fig (2) and when 1 > a 
as in Fig (3). What do you notice? What do you deduce? 


d) Learn 
Graph the curve of y = a f (x) 

for any function f ; the curve of the function y ع‎ a fix) is 
a vertical stretch for the curve of y = f(x), if a > 1 and a 
vertical shrinking for the curve of y= f(x) if a < 1 
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Graphing the curve of the function g(x) = a fx + b) + 
e Example using the geometrical transformations in graphing the curves 


of the functions 
(8) Use the curve of the function f where f(x) = ll to represent each of the two functions g and h: 
a RN = AR b N) 21 7172 


© Solution 
a the curve of g(x) is a vertically stretch of the curve of the function f(x) whose coefficient = 2 > 0, 
then foreach (x, y) ef 
then (t,2 y) € g 


b the curve h(x) is the same curve of 
g(x) by a horizontal translation of a 
magnitude of 7 units in the direction 
of OX ,then vertically translation of 


a magnitude of 2 units in the direction 222222222222 


of OY 
E Try to solve 
42) Use the curve of function f where f(x) = x? to represent the two functions g and h : 
a gi) - - 1e b ho) - 2-4 (e-5) 
Check your answer using a graphing program or the graphic calculator, then determine the 
range of h and its monotony. 


Quam | 


Applying the geometric transformations , which you have learned in the previous 
algebraic functions on the sine and cosine functions 


Trigonometric functions the curve of the sine function 

First: Translation on X - axis 

1) Use the program (GeoGebra) and set the program so that the x-axis scale is in radian by 
pressing the mouse (right click) and choose the choice in the last line; then choose x-axis 
and choose the staging system (x-axis) (77). 

2) Atthe bottom of the program (input), type the command : sin (x) then click (enter) to get the 
red curve of the function. You can control the color and thickness of the curve by pressing 
the mouse (left-click) and press (object properties), the shown window shows the color, 
thickness, and ... 

3) By the same way, type the command : sin (x + Z), then click (enter) and color the curve in 
a different color. 
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vou notice? 
From the graph, we deduce: 

The curve of the sine function is translated 
horizontally to the left by a magnitude of > 
uis as in the reat i We netles dint di 


range of the 2 function is is the same range of the function sin x , also we notice 
that the function sin (x + 4) is neither even nor odd because its curve is not symmetric 
about the origin point or y-axis. 
Think; 
> What do you expect to be the direction of the X-translation if the rule of the second function 
b:datr- qp 
Second: Translation on Y -axis 


fx) = sin x as above. 

2) Graph the curve of the function g where 
g(x) = sin x + 2 in different color. Compare 
between the two curves. What do you notice? 

From the graph, we deduce: 

The curve of 2™ function is the same curve of the 
functions y = sin x after translated a magnitude 
of two units upwards also the range of 2™ function is [1 , 3] because it was translated by 
a magnitude of two units in the direction of y-axis from the first function and the function 
yz sin x + 2 is neither even nor odd. 


Critical thinking: 
In each of the following figures: 
Describe the geometric transformation of the curve of the function f which graphs the curve of 


the function g then write the rule of function g, its range and its monotony. 


— | ^ = 
a b 


-A 
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e Exercises (1 - 4) e 


i) Determine the values of a , b and c which make f(x) = g(x) where 
fos(a-bj?-3x-2 , =( + ون‎ + 
(2) Graph the curve of the function f , then determine its range and check its monotony from the graph. 


n id when x&0 o f 4 when x«-2 
X when x»0 X when x> 2 

@ an [> when x«1 Daa 8 when x<0 
fx when > 4 : fa ld when x0 


Choose the correct answer from thoes given: 
GD The curve of g(x) = x? + 4 is the same curve of f(x) = x? by translation of magnitude 4 units 


in the direction of: 
ه‎ OX b OX € OY 4 ovy 
(4) The curve of g(x) = lx + 3l is the same curve of f(x) = ld. by translation of magnitude 3 units 
in the direction of: 
a OX b OX € 5 d oY 


(5) The curve vertex point of f(x) = (2 - x)? + 3 is: 
a (2,3) b (2,-3) € (2,3) 4 (2,-3) 


(© point of symmetry of the function f where f(x) = EE + 4 is: 


b (-3,-4) © (3,4) d (.3,4)‏ )4-,3( ه 


@ The curve of the function f where f(x) = x? is 
graphed , then translated in the directions of the أ‎ 
coordinate axes x, y as in the opposite figure. 


Write the rule for each of the following 
functions: 
g. h and 2 
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40 The curve of the function f where f(x) = + is graphed, then translated in the directions of the 
Coordinate axes x, y. Write the rule of each of the following functions: 


N. 
>l | PI N I 
a IZ) NI ON 


MOLZIJIZN AI 
IN 


is graphed then translated in the direction of the 


@ The curve of f where f(x) = ld 
coordinate axes x , y as in apposite figure. 


Write the rule for each of the following 


functions: 
»g,h,z 


ge fe ts 


> g. h. 2 


Write the rule for each of the following 


coordinate axes x , y as in the opposite figure 


ii Use the curve of the function f where f(x) = x? to represent each of the following graphically. 


a = 4 b f) = +1 € = +ع‎ 11 

4 *زة- )ع ويم‎ e fx) ضاير 1 1022 عع‎ =+} 
42 Use the curve of the function f where f(x) = lx to represent each of the following graphically: 

2 +جاء زر € 3- لقاع „ ١ b‏ +اباء زر a‏ 

4 f(x) د - كا ع‎ ° NAL! 1 f=- 


> Find the coordinates of intersection points of the curves with the two axes. 
43, Use the curve of the function f where f(x) = x to represent each of the following graphically: 
a fio) وبال‎ - 3 b fx) =f) 1 € f(x) =f(x-2) 
4 ffx) =fix+3) * f(x) =flx-2)-1 pf) = fix +3) 42 
> Determine the point of symmetry for each function. 


44 If the function f where f(x) = ل‎ , graph the function h and determine the point of symmetry 


of the function curve: 
a * (1+جارء‎ b h(x)-2fix-3) € hix)=fix) +2 
d ho) =f) -4 e Nx) =fix+2)-5 1 h(x) N - 22+ 2 
is Use the curve of the function f where f (x) = x? to represent graphically: 
a 42د نمم‎ b f(x) د‎ H € f(x) =2- (x 43P 
© Use the curve of the function f where f(x) Au to represent each of the following graphically. 
a f()22-ld b f(x) = x eSI € f(x) ا2- ها - 4 ع‎ 
4 ffx) = 2l © fx) = 20-1 4 Sle) = 5 - 2 be 421 
47) Graph the curve of the function f in each of the following using the suitable transformations, 
then check its monotony. 
a دنر‎ I when x20 b f(x) = xy] when .4€ x<0 
-2-2 when x «0 2-1 when 0€ x<4 
€ fjx)mxld- 1 4 f(x) = 
is it the function f where f(x) = ,ل‎ graph the function / in the following cases: 
a Kx) = fi) b x) ع‎ 2 If) € d)» ff - 2) 
49) Graph the curve of the function f, then determine its range if: 
a NR = N b fix) تدك‎ r- x e[-1, 4] 
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20) Trade: A grains merchant pays 50 L.E for each ton getting in or out of his warehouse for 
loading or unloading the goods, write down the function representing the cost of loading or 
unloading, then represent it graphically. 


21 Mechanics; A body covered (d) meters in 3 minutes in a uniform velocity 30 m/min. Show 
that the velocity (v) varies inversely over the time (t) for covering this distance. Write the 
function which represents the velocity and time then represent it graphically. Find the time 
taken to cover this distance if the body travels in a velocity of 45 m/min. 


22 Urban.communities.; rectangle-like pieces of land are specialized for youth housing in a 
new urban community. If the length of each is x meter and the area is 400 m?. 
8 Show that the length of the piece of land is inversely proportional to its width. 
b Write down the rule of the function f which shows the width of the piece of land in terms 
of its length, then represent it graphically. 
€ From the graph, find the width of the piece of land whose length is 25 meters, then check 
that algebraically. 


..... x, > x, and if x, , x, are zeros of 
g(x) = 5 - ( x - af where x, > x,a € E which of the following is a right statement: 
8 x >> xx, b x, > ود > ود كيم‎ 
e rj CA يع > يد‎ 4 . CK . 12 : 
2@ industry: An iron gate whose two sides are 3 meters high 
and its arc is in the form of a part of the curve of the function 
f: fu) 2 a( x -2(2 + 4 has been designed as shown in the opposite f 
figure, find: 
a Valueofa b Maximal height of the gate 
€ Width of the gate 


29 Geometry; if you know that the area of the figure included between the curve of a quadratic 
function and a horizontal line segment joining between any two points 
lying on it is calculated by the relation A=ŻLZ f 
a Find the area of the figure included between x- axis and the curve of 9 

the quadratic function f fix) = x - 6x + in square units. l 
b On the same lattice, graph the curves of two functions f and g where g(x) = lx - 3! then 
find the area of the part included between them in square units. 


3m 


o 
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In one figure, represent the two curves of the two functions f and g 
where f is a modulus function and g is a linear function graphically. 
Notice the graph , then answer: 

8 How many probable intersecting points are there for the two 

curves of the two functions together ? 

b Do the ordered pairs satisfy the rule of each function of both 
functions if the intersecting points of the two curves are found 
together? 

Notice; 

1) At the intersecting points (if found) , f(x) = g(x) and vice versa for 
each x belong to the common domain of both functions. 

2) For any two functions f and g, the solution set of the equation 
fix) = g(x) is the set of x-coordinates of the intersecting points of 
their two curves as shown in the following figures: 


Solve the equation: lax - bl = c 


O) example 
(1) Solve the equation: جا‎ - 3 = 5 graphically and algebraically. 
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© Solution 
Let HN) U- N. gi) 5ع‎ 

1) Graph curve of the function f : f(x) = lx -3l 
by translating the curve of f(x) = | x | 3 units 
in the direction of OX 


2) On the same figure, graph g(x) = 5 where 
g is constant function represented by line 
parallel to x axis and passing through point 
(0, 5) 
the two curves intersect at two points ( -2, 5) and (8, 5) 
then the solution set of the equation = {-2 , 8} 


Algebrale — when x23 
From the definition of the modulus function: f(x) = 
-x+3 when x<3 


BERGE MB NE EBE E 
LEL LLL LLL 
EL 
EL 
BEJM- ARMEA Im 
ا‎ Ne ox 
L 


when x23: 325 then: x28 € [3, “| 
whenx <3: -x*«325 them x=-2€]-%, 3| 
then the solution set is: ( - 2, 8) . This is coincident with the graphical solution. 


E Try to solve 
@ Solve each of the following equations graphically and algebraically. 

a Wi-4=0 b +تنا‎ ١-0 le ix-7is5 
Properties of the Absolute Value 


1) la bi = lal x Ibi. for example: 
I2x-321-626 , 2l x|- 3| =2 × 3 =6 


2) وا‎ + bl > lal + Ibi 
The equality holds if a, b have the same sign: 
129ص + لهاع إ5 +4ا‎ , 1-4-Sl=l-4141-51=9 


Note; 
T)ifibdsa then: * or  x--aforall a € R* 


2) If:lal bl ifeither:asb or a=-bforalla,beR 
3) ui? ر = إن ع‎ 
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Solve the equation lax + bl = ¢ x +d 
@) Example 
(2) Solve the equation: I2 x - 31 = x + 3 graphically and algebraically. 


©& Solution 
let fx) 22x -3, gx) x + 3 


Graphical solution: 
f:fG) > 2x - 3i» 2) - 3) 
Zu- 2 
The curve of f is the same curve of A by 
horizontal translation of a magnitude of 5 


n ETZRERZERET 
g: g(x) = x + 3 represented by a straight WI | | | + | | | . 
line whose slope =1 and passes through the 

point (0, 3) 

intersection points are (0, 3) and (6, 9) 

Then the solution set is : (0, 6) 


The algebraic solution: 


2x-3 when „>4 
* 2x - 315 | 2 
-2x*3 when * 4 
ben 2 m- thenxs6€|[3, «| 
„ when x<? —.2x432x43 then x 20€ I- 3| 
the solution set = (0, 6) 
E try to solve 
Luft a is T 
(a8 Dx+4 =1 - b 2x45i2x-4 € u NAX 
Solve the equation: la x + bl عا‎ x + di 
C7, Example 


(3) Solve the equation lx - 31 = [2x + Il graphically. 
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© Solution 

let f(x) = lx - 31, g(x) = 2x + I 

the curve of f: is same curve of lxi by translation 
of a magnitude of 3 units in the direction of 
OX gig) i. 

the curve of g is same curve of Ai by horizontal 
translation of a magnitude of + in OX , the 
two curves of the functions f and g intersect at 


43 3324 (9) م زج‎ 85 © | 
(A, 7) and (4 $) LLITTLEPRMTITITS 
the solution set = {-4 , 1 ) 


E Try to soive 
GD Solve each of the following equations graphically. 
LETLPDITE b ix-2/ +l x- lla zero 
O) exemple 
(4) Find the solution set for each algebrically : 
a i7 -ix- 5l b NM D o- 
O Solution 
la ur Hau- . 746-5 <0 
9. 147213 de Qd (refused). 
orx+7=-x45 ie: K 2 ifa, bes. 
* 12-1 i.e solution set = { -1} men 
satisfy: then a tb 


By substituting x = - | in the two sides, we find that: 
the right side = left side = 6 i.e. the solution set = ( - 1) 


Think: 
Solve the equation above by squaring its two sides, then check your solution. 


» {P-Gr49 29-2: 0 


AP * 3 = 9 - 2 then: ix-34à 29-2x 


for any real number a: 
First: when Athen: x-3 =9-2r JT. 
. جة‎ > 2 then: x 24e [3, œ| 
Second : when x <3 then: x-32-942x 
*. 426 then: R268 [ - 3| 


Solution set = (4) 
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Think; 1) Can you use other methods to solve this equation? Explain. 


E Try to solve 

0 Find the solution set of each of the following equations algebraically: 
ها‎ lx-1-2022-x320 D Varna =4 

Life applications on solving equations 


@ Example planning cities 

(5) A piece of land is included between the two curves of the two functions fand g where : 
fix) =le3 -2 and g(x)=3. Calculate its area in square units. If the unit length is 8 m, find 
the area of this land in square meters. 

© Solution 


By graphing the curve of f and g graphically, we find ERE. RARE 
thet they intersect at A (-2, 3) and B (8, 3). The lead RL LL 
LANEELTLS ILLI IWPI 


will be in the form of a right angled triangle ABC at C 
where: 
AB= 8+-2)=10 units 
CD = 3 - (-2) = 5 units 
"aea ABAC =} AB«CD 
8 x 10 5 = 25 square units 
Area of land 25 (8 x 8) = 1600 square meters. 
E] Try to solve 
0 Find in square unit the area included between the two curves of the two functions f and g 
where: NA) U- -! and —g(x)eS-l-21 


» 


(Ps Example Roads nets 

(6) Two roads, the first one is represented by the function f where f(x) = lx-5l, and the second 
represented is by the function g where g(x) = 5 - 2 x. If the two roads intersect at points A 
and B, find the distance between A and B to the nearest kilometer the length unit represents 
a distance of 5 km. 


© Solution 
The two roads intersect when x)= g(x) , then u- SS- zy 


sas $25. 4x then x26 ,y=1 ASA (61) 
or a- A5 then x=0,y=5 <. B = (0,5) 


AB= 4(6-08«1-59 = 433 22/13 
* the length unit represents 5 km 
the distance between A and B = 5 x 2 /13 = 10 /13 = 36km 
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Notice: If a light ray falls on a reflective surface whose 
pathway is subjected to the modulus function . The 
measurement of incidence angle equals the measurement 
of reflection angle. 


In addition , the pathway of the 
billiard ball before and after colliding 
it against the table edge. 

The figure opposite illustrates that 
the billiard player kicks the black 
ball considering ox and oy the 
two perpendicular coordinates and the 
ball's pathway follows the curve of the 
function f where: f (x) = $ lx - SI. Does 
the black ball fall in pocket B? Explain 
mathematically, 


E Try to solve 
C In the previous example, check the points of intersection by solving the two equations 
graphically. 


Solving the Inequalities 
You have previously learned that the inequality is a mathematical phrase containing one of the 
symbols: (<, >, €, >). The solution of the inequality is to find the value (s) of the variable 
which make the inequality true. 


Solving inequalities graphically 


The opposite figure shows the curves of the two 
functions fand g where : 


y, =f 00 , ولا‎ = g(x) and the solution set of the equation 
f(x) = go) is { a, b) 


then: y, =y, whenx za or x=b 
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we notice: y, € y, which f(x) < gx) when xe | a , bf 
y, > Yz Which f (x) > g(x) when x € [ - » „af U] b , æf 


2x46 24 


is: | -4 , Of is: ]- 9, -S]JU [ -1 | is : [-1, 5] 
Le: R-. 1 
E try to solve 
O Find the solution set of the following inequalities using the graphs in example (7): 
® +عا‎ 2> 2 b 2 +ع‎ > 4 € u- A3 
Solving inequalities algebraically 


d) Learn 
first: ifix!& a, a>0 then a 6 x > a 0 


second: iflix! >a, a»0 then x2a or كير‎ -a forall a, b. e 
ifa cb, bcc 
e — then a <e 
(8) Find the solution set of each of the following inequalities in form Of , Sb then 
an interval: 
a e bec 
© ل3-جا‎ 4 b 4 9-2x41 2 4 acc be when e 0 
! > 
c a3 22 ac > be when ¢ <0 
O solution ifa, bare positive 
ه‎ ‘“lx-31<4 then -4<x-3<4 — adding3toinquality es. 
.:..4+3 > +3-ب‎ 3 > 4+3 then: -1 > 27 a <b hen + > + 


.. The solution set z]-1, 7 
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D „ ſ IN ul then: u 1124 
Sx-124 Le x25 or x-1€-4 then x€-3 


xeR-]-3, 5] . The solution set = [ - . - 3[ U [5 , =f 
c "wu 22 by taking off the multiplicative inverse of both sides 
Nr ^ 1 2 
IA 
.:.. + > 22-3>4 by adding 3 to inequality 
wo $43€2r-343<6443 
.:.3 > <> 4 by dividing by 2 
42 , solution set is I$ 71-3 
E Try to solve 
(8) Find the solution set of each of the following inequalities in form of an interval: 
8 Uu Ni b ممت‎ <8 e Fer >8 @ ars 


@p Example (Life application on solving inequality) 

(9) One of the natural gas companies allows employing a counter reader. If his length ranges 
between 178 cm and 192 cm . Express all possible lengths for the persons applying to join 
this job using the absolute value inequality. 


© Solution 
Let the length of a person is x cm 
where 178 > x € 192 , adding (185) 


to both sides 
178 - 185 > x - 185 < 192 - 185 
7 £x-185& 7 ie. k-185 > 7 
E try to solve 


(9; Write the absolute value inequality which expresses : 
& Student's mark in an exam ranges between 60 and 100. 
b The temperature measured by a thermometer ranges between 35°C , 42°C 
.€ The Green algae found in Ocean reaches 30 meters deep. 
Critical thinking; Write in the form of an absolute value inequality: 
a 48 4 b 0<x<6 
€ x>2orx<-2 d xc R-[-2, 6] 
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Find the solution set of each of the following equations algebraically: 


@ix-21=3 2513-2x127 32 1x*2123x-10 
@ ix+2l+x-2=0 G) xelxi=2 (9 1x-2123x-4 
@ix-1l=x-2 (8) 2x - 6| = w- 31 (9) [3-69 «2:29 
Find the solution set of each of the following equations graphically: 

4d * 37 4D -++|2+عا‎ 2-0 $2 1x-2123x-4 
$312x-4lsIx1l 44 |xi+x=0 $$ Ix «212 Ix- 31 
Find the solution set of each of the following inequalities graphically: 

$$ 1x-11«2 QD 1x-21«3 $$! 5-x1»3 

G9 12x-3127 201 x31» -1 $712x-5122 
Find the solution set of each of the following inequalities algebraically: 

22 * 318 2 34204 QO 13x-7122 
$5 13x«2145«4 GÒ ا +ع - تر/‎ 4 $7 Jir - 1249 >9 
$8 2x - 3116 - اده‎ > 12 $$ uL $$ حلج‎ <2 

$i Mechanics; ^ 


A body travels in a uniform velocity of magnitude 8 cm/sec 
from position A to position C passing through B without 
stopping. If the distance between the body and position B is 
given by S(t) 815 here t is the time in seconds and S is 
the distance in cm, calculate. 


8 The distance between the body and position B after 
2 seconds and 8 seconds . what do you notice ? Explain. 
b When the body became at a distance 16 em from position ^ c 


B? Explain. 
€ When the body became at distance less than 8 cm from position B? 


General Exercises 


wi. 
For more exercises, please visit the website of Ministry of Education. 
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Unit summary 
1 The function : is a relation between two non-null sets X and Y so that each element in x 
has one and only one element of Y and the function is symbolically written in the form 
f: X ب‎ Y. The function is determined by the three elements; the domain. co-domain and 
the rule of the function. 
The function fis called a real function if each of its domain and co-domain are the set of the 
real numbers or a subset of it. 


2 The vertical line test : If a relation is represented by a set of points in a orthogonal coordinate 
plane and the vertical line intersects its graphical representation at each element of the 
domain elements at one point only, then the relation represents a function. 


3 Piecewise- defined function : is a real function in which each subset of its domain has a 


different definition rule. 
4 Operations of functions: if f, and f, are two functions whose domains are D, and D, : 
> (f, t f wW =f, G0 X foo) . domain (f, £f) is D, D, 
> (f, f) O=f 00. Y domain (f. f) is Di, 
> (o) =f where f,G) & 0 domain (4) is (D/A D)-Z0f) 
h fix) f, 


where Z (f,) is the set of zeros of f, 


5 Composition of functions: if the range of the function f is a subset of the domain of the 
function g, we can compose the function z from the two functions f and g where z= g* f and 
read as g composite f and zx) =( عع‎ f) (x) = glfo0] 

6 Even and odd function: 

Fiseven: AX — Y and -x)= fx) for all x, -x € X. 
Fisodd: f X ——* Y and fí-x) =~») forall x, -x€ X. 


7 The one-to one the function f. X — Y is said to be one-to one 
ifa, be XNA Ad) then a b or for all a # b then fla) Ab) 

8 The horizontal line test: iff: X —— Y, then f is one-to one- if the horizontal line (parallel 
to x-axis) intersects the curve of the function at one point. 

9 Monotony of function : the function f is increasing in the interval Ja, bj if each of 
x, and x, € Ja, bj and x, > x, then fx) > fix): 
The function fis decreasing in the interval Ja , b[ if each of x, , x, € هل‎ , bl when x, > x, , 
then f (x4) < f (x) 
and the function is constant in the interval Ja , bf if each x, , x, € Ja, bf and x, > x, , then 
fo) = fix) 

10 Linear function: the simplest form: (x) = x is represented by a straight line passes through (O. 0) 
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11 The quadratil function: the simplest form f(x) = x? is represented by a curve of vertex (0, 0) 
and the equation of line symmetry x = 0 


12 The cubic function the simplest form f(x) = x? , curve with point of symmetry (0, 0) 


13 The absolute value function: 


. x20 
Simplest form fix) = lxi, defined as: fix) = | * 


-x, x«0 
is represented by two rays starting from (0, 0) and their slopes = and = -1 : 


and li> 0 , ادا‎ e bd , E = bd 


14 The rational function: simplest form f(x) = 1 and the symmetrical point of its two curves is 
(0, 0) 


15 Geometrical transformations of the function f where y = fix) and a O are determined as 


follows : 


> ify = Ax)+a__ itis represented by translating the curve of f in the positive direction of 
y-axis in a magnitude of a 

> Ify OD ait is represented by translating the curve of f in the negative direction of 
y-axis in a magnitude of a 

> Ify = عار‎ a) itis represented by translating the curve of f in the negative direction of 
x-axis in a magnitude of a 

> Ify = f(x-a) itis represented by translating the curve of f in the positive direction of 
x-axis in a magnitude of a. 

> Ify =-f(x) itis represented by reflection of the curve of f in x-axis. 

> Ify=afx) itis represented by the stretching the two vertices of the curve f if a > 1 
and by shrinking the two vertices of the curve if 0 > a« I. 

16 Properties of absolute value of number: 


8 fahl la × اطا‎ b labi 4 al Ibi 
€ if نما‎ > a, a> 0 them «a <x <a 


d ifid2a,a»0 then x Sr KS -a 


Please visit the following link. 
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aD 


(D If some geometric transformations are applied on the function F, g and h where fix) = د‎ , 
a(x) = x? and h(x) = + to get the functions represented by the following figures. Complete: 


I es Na BÎ 
BAG 2 hes 
LLLAISA L1 
mmm. LP 


a The rule of the function in Fig (1) is. © The rule of the function in Fig (2) is... 
'e The rule of the function in Fig (3) is ® The function is not one -to-one in Fig, 
` The range of the function in Fig (1) is f The range is R in Fig.. 

0 point of symmetry of the function in Fig (3) is. 
^h Equation of symmetry line of the function in Fig (1) is. 


(2) Find the domain of each of the functions defined as follows: 
a - x b er € T NN 
Sieg 9 دج كد‎ 

@ 0ععى, ل ع ضارا‎ , gx) ع‎ 2x find each of: 
(f + Xx) . (f: 86) , CL) ) then find the value of each of (f + 8) (1) . (f 8) (2) . 


Hey 

( Draw the graph of (x) = lx - 3| + 1 and from the graph check its monotony then find solution 
set of the equation f(x) = 4 

(5) Find the solution set of each of: 
a جها‎ 2 3x- 10 b li-2-x=0 e 3-208 


© Prove that f(x) = +! is an even the draw the graph of f find graphically and algebrically 
the solution set of f(x) = 2x — 2, verify the results. 


@ Mechanics; A rocket was projected vertically upwards with a velocity of 98 m/sec from the 
surface of the ground, If the relation between its height(s) in meter and the time (t)in second is 
given by the relation s = 98t - 4.9. Show that this function is not one-to-one then find: 

/ The height of the rocket from the surface of the ground after two seconds from the 
moment of projection. 
b The time taken by the rocket to reach a height of 470.4 m above the ground. 
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a Unit introduction 


The concept of logarithm was introduced to mathematics at the beginning of the seventeenth century 


on hand of the scientist Jhon Nabeer as away to simplify calculations . So the navigations, scientists , 


engineers and the others can casily satisfy their calculations using the tables of logarithms , calculator 


ruler . they also get use of properties of logarithms to transform the multiplication operations to addition 


using the property according to the formula log, (Xy) = log, + log, y and thanks to the scientist Leonhard 


Euler in the eighteenth century to join the concept of the logarithm with the concept of the exponential 


function so the concept of logarithms was enlarged and connected with functions . The logarithmic 


measure was wildly used in many fields as for example the decibel is a logarithmic unit used to measure 


the sound intensity , the volt ratio , also the hydrogenous power is ( logarithmic measure ) used in 


recognize some logarithms laws 
* log, (xy)slog,x *log, y. x» 0, y » 0 


L log, (=) =log,x log. y. : <0 
> log x"snlog x. :<0 21١ R*- [1], n! R 
log, (+) =-log, x. x > 0. a! R*- (1) 


log, ID x >O.a.b! R*- (1| 


١ log bei a, b! R*- [1| 

+ loga=1 a! R*- [1| 

+ log, 120 a! Re- [1] 

Solve logarithmic equations 

Solve problems by using the logarithms laws 


Use the scientific calculator to find logarithms 


Use the scientific calculator to solve some exponential 
equations by using logarithms 


chemistry to determine the acidic of certain solution 


~ Unit objectives 
— Bytheendd thisunit , thestudent should beableto 


— the exponential function xe a" where 
a€R*- 

Rec ا‎ graphical representation of the exponential 
function and deduce its properties 


recognize the laws of rational exponents. 


IN 


Solve exponential equations at the form a* zb 

Solve applications used exponential equation. a* zb 
Recognize the logarithmic function y = log x or 
fix) zlog x wherea € R*- {Il}, x € R* 5 
Converting from exponential form to logarithmic form and 
vice versa 

Recognize the inverse function and the condition of 
existence (horizontal line test) 

recognize the graphical representation of the inverse 
function as an image of the curve of the function under 
reflection in the straight line y =x Like the graphical 
representation of the logarithmic function in a bounded 
interval as inverse function of the exponential function 
and deduce its properties. 

recognize the relation between the exponential function 
and logarithmic function graphically 
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Exponent Exponential Decay teense Fonction 
— toe genen 

. فقت‎ Exponential ferm 
faci ah Laws of Expoeeets عمج موف‎ Form 
Rational Exponent Exponential Function Common Logartthim 
Square Root Exponential Equation Natural Logarttten 
Cute Root increasing Funcion ente Funcom 
عم‎ &not Decreasing Function Logarthenkc Equation 
Rew Root w 

nee Growth Compound interest 


——— an dy 


, Lesson (2 - 1): Rational exponents. 
١ Lesson (2-2) The exponential function | | 
and its applications. 


١ Lesson (2-3): The exponential | 1 


, Lesson (2-4): The inverse function. 
١ Lesson (2 - 5): The logarithmic function 


U 
) Lesson (2-6): Some logarithms | 


E 
rera ol exponent tems 
pee 
| Graphing espera nct 
propere MA 
7 — 
— 
— 
| Some proper ters 
eee equations 
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You have studied before the square roots of a real non-negative number 
and some properties of the square roots and the cubic roots. Also you've 
studied the integer exponents and some of its properties. In this lesson 
we will study the rational exponents. 


Integer exponent 
1) foreveryae R , n € Z* then: 
a" =a xa xa x ..... xa (a multiply by it self n times) 
(a") is the n" power of a , a is the base, n the exponent 
we say à raised to power n. 
2) 2 اء‎ for every a € R - (0) 
3) a! =i, 224 a! 0 


Properties of integer exponents: 
If m. nSZ. a, be R- 40) then: 


> an > (ab)" = a" b" 
> Esama > (rsg 


0 2 اه و 
prove that „‏ )1( 


من ١‏ 4 ج بر 2+ مذ )3 2-20 )22( × 4+1 
ELETEN * 3 × 24× 3‏ 
4+ 24-4-4 بره 3n +2 -9n-1-1+‏ = 


= 3°x2° =1 x<1 (LHS) 
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EJ try to solve 


(27) x a2? 


FI 
. Put in the simplest form: gy? 
C^, Example 
Pro 125 x (1 “tx +a 5 
D that: asy و“ “مرق ب‎ 
© Solution 
LHS. ETAGE. 
(3x x (5)1 * 2" 
x 25 (55 25 
)3("» مت(5)‎ x (5*0 
= )5(3+6- 2+ 2m + 25 20-8 (329 
. 725 3 (RHS) 
E Try to soive 


AN $x37?.4x379! لذ‎ 
ري‎ Prove thet: 2 777 3 215 


Critical thinking; 
a Ifae Rn is an odd integer. Determine the correct statement from the following: 
(a) a^» 0 (b) a^ <0 (e) aH o (d) a^*'!« 0 
b IfaeR -{0},n isan even integer. Determine the correct statement from the following: 
(a) a" >0 (b) a^ > 0 (e) a" ١-0 (d) a" GO 


The n'^ root 
You've studied: 


The equation x? = 9 has only two real roots /9 =3 and V =-3 20 
Notice thut 3229,(-3? 29 For any real 
and the equation x = 8 has only one real root number 
V 2 2 (The other roots are complex numbers and not real) ET 
(2528 


In general: 
the equation x" =a such that عه‎ R, م‎ Z* has n roots, We discuss the following cases: 


— praes — roots one is positive and the other is negative (the other 
roots are complex numbers and not real) and we express these two roots as V a ,- Y a „and 
the n root of the same sign of a is called the principle n roots of a. 
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ie. the equation x* = 16 has two real roots 116 = 2 ,- %16 > -2 
(And the other roots are complex not real). 
Notice that (2)* = adds s 16 


Un is an even nur 


the equation x" = a . 
ie.: the equation x^ = has no real roots (all its roots are complex and not real). 


— rza Wee (and the other roots are complex numbers) 
ie.: the equation x 2-32 has only one real root 1-32 -2 (notice that (-2) 5 =-32) 


then the equation x* = 0 has only one solution which is x = 0 (The equation has n of the 
repeated roots and each one of it 2 0 atn > 1). 


E try to solve 
(3) Find in R the solution set of each of the following equations: 
a “=8 b د كر‎ 3 € x*-.16 d = 64 


Critical thinking: Explain using a numerical example the difference between the sixth root of a and Ya 


The Rational Exponents 
We know that the square root of the non-negative real number a is the number whose square is 


aandifa" represents the principle square roots of a 
` (am za ` "za then 2ms1 > m=} 


which means that. a is the principle square rootofa Thus J7 =a! 


Similarly alis the principle cubic root ofa Thus Ya =a in general Va =a 


1 
1) (1) For any real number a H O. n € z* - {1} then a" = Y'a 
this statement is also true at a < 0 , n odd integer number more than | 


) a" (Nar = Ja" where ae R, m, n integer numbers with no common factor 
between them ,احم‎ Ya ER 
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Generalization of exponents rules 
Rational exponents has the same rules of integer exponents 


O) Example 
(3) Find each of the following (if possible) in R. 
a (16)! b (27) e (243% 
4 ( e 100 t ثرو‎ 
© Solution 
a (16:7 2 b == 
€ (243) = 17288 =-3 d (ek Note 31 
e T z( 4/16) = 45 = 64 1 27 Ate. =i 
E Try to solve 
Find (if possible) the value of each of: 
a (125)! b (81) e (28)? d (343)! 
Give reason? 
The number (-8)! is defined in R, TN -2€ R , but the number (N N is undefined in R 
Properties of n Roots 
1) Yab = Vax Vb 
2) ف = هل‎ bi O eh that ¥a b eR 
C7. Example mm 
@ Find ta the simplest form each of 0 
| YF = lal if n is even 
a -¥ ab b JI Vr zaifnisodd 
© Solution 


a SETI Ni n 2 b 
b e e = Vie «Vy aN 
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E try to solve 


(5) Find in the simplest form each of: 
a 16a b J 
Q Exempt 
(5) Find Tn | 
a (18) «(12 × ارون‎ 92 557 
© Solution 


8 The expression 22x33 x 3x23 «x25 2a21«31«31«2*1* 31.21 
21 3 42351, 4.3 225122 


33,4 ee ee 1121 


E] try to solve 
(6) Prove that: 
a x زر‎ p 125 YF «1071 255 
a 5 , 48 x 167«15 
Solving exponential equations in R 
C^, Example 


(6) Find in R the solution set of each of the following equations: 


3 a = 128 b (2x+3)'=81 o 
e x 10 K 490 d Q NN 3 
© Solution Ws? ma 

a A z 128 Then x=! an 
ES. * 
دع‎ 22-4 5 solution set = { 4) common factor 

b 2x43) 281 
))2 + 3) Î)? = (35 raise both sides to the power 3 
(2x + 3) 2 3" 


21 31 (34 231 P 


66 Pure mathematics - Second form secondary - Scientific 2019-2020 


Either 2x 43-227 21224 12 12 


Or 2 :+ 3 - 7 2x2-30 ` دج‎ 15 
solution set ع‎ (12, -15) 
e x 1331343620 d كيلا‎ iN -32=0 
(bocd 0 1138320 
either x Î - 9= 0 or 11420 (x$-32(x$« 120 
d EI either x l. 3220 cri «120 
set x 4 @È ME zle-1 refused 
x=! 27 x=! 8 asi 
solution set = {27, -27,8 ,-8} - 
x= 64 
solution set = {64} 
E Try to solve 
Find in R the solution set of each of 
a 181 b (x+1)? 2327 el Va-3V3 =4 


O simplify E 4523 


(2) Show when the relation yab = Ya * YD is true for all real values of a, b?. 


GD Complete each if the following: 
— مص ةس‎ — b 6h? in the simplest form ............... 
c (qi in the simplest m 4 Y@S)" in the simplest 169 


e )52 x! in the simplest orm 


Choose the correct answer from those given: 


a ifS=2then 2S =. (10, 625, 4, 2) 
b (27+ د تركد‎ ae (2,-2.4, 9 
© fx - فى‎ then x= cn (512, 16, 4, 2) 
3 Which of the given is not equal to (VF) (Wa. YF , ot) 
e If4x*s128 ben 6. 12. 2.9 
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f The real roots of the equation (x-2)'=I6are ب‎ ((0).(4).(8) .(0.4)) 


g If3=4 men 9Ê 416? ع‎ 5 C , 12, 20, 25) 
6) Find.the.error; 

a 92(9) «(Cg - 81-9 

b Ifx*-81 then x= Ni * x23 


1 

©) Geometry: If the length of the radius (r) of the sphere is given by the relation ra)". 

where (V) is the volume of the sphere find the increase in the radius length when the volume 
changes from 22r to 36r cubic units. 


Find the solution set of each of following equations: 


a ded b x=8! 

€ Vx =32 d (x? S +9) Î = 3 
e A 40 fx«15284x- 

9 7-255 - 4-0 h r- 1yt=(x4+ 3)" 


@ If x3 = 3yÎ = 27 find the value of x+y 


(9) Creative thinking; Choose the correct answer: 
a ifx<Othen: Je -YV -J/v-Xved +=... (x ,-x eto. 1) 
b Ifa= EF then which of the following is rational .................(a"2, a!®, a!® , 424) 


Qaem | 


Use the calculator to evaluate the following (Approximating the answer to two decimals) 
9 = 


b (23) F + (0.01)? 
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69 


G ney | 


Bacteria cells multiply by direct division to two cells during a limited 
period of time then the two cells divide into four cells, then the four 
cells divide into eight cells and cell division continues that way through 
the same period of time and in the same circumstances. 

The following table shows the time that bacteria cells divide per 
hour and the number of the producing cells. 


ESSERE... 10. 

1 

1) Complete the table. 

2) Express the number of cells in the exponential form with base 2 in 
each division. 

3) Find the expected number of cells after 8 hours. 

4) Express in the exponential form the number of cells after x hours. 


Exponential Function 
The function f such that fix) 2a* ,a > 0, a! 1, xe Ris called 
exponential function. 
Example: 
1 N > x its base (2) and its power (x). 
` 5ح زيار‎ its base (5) and its power (rel). 
- — its base (4) and its power (2x) 
EJ try to solve 
2 Determine which of the following is an exponential function. 
a N b fo)z(Qy 
c 1 1 d foo zx - 1 
e fos 1 ضار‎ e 
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Graphical Representation of Exponential Function 
Draw the graph of each of the two function f(x) = 2", g(x) = (4)* where x e | -3 , 3] 


3 i 8 
à i 4 
-1 1 2 
0 1 1 
1 2 1 
2 4 4 
3 8 1 
Properties of the exponential function AY) = a" , a» 0 , a! 1 


1) The domain of f (x) = a" is R and its range is [0,6 | 
2) Ifa <1 then the function is increasing on its domain and named by exponential growth 
if 0 < a < 1 then the function is decreasing on its, domain and it is named by exponential decay. 
3) The curve of f (x) = a" passes through the point (0, 1) for all a > 0,a! 1 
4) fu) = a" is One - to - One function 
5( The curve of the function ftx) = a" is image of the curve f(x) = (1)* by reflection in y-axis 
6) $ -whnx$ if as l 
a$ Owhenx $  -»ifücacl 
E try to solve 


(2) In the opposite figure f is defined on R. Such that f(x) = (3)*. 
Draw on the same figure the curve of the function g which is 
defined on R , such that g(x) = (4)*, then find the domain and 
the range of each function. also determine which function is 
increasing and which is decreasing and state the reason. 


(3) Critical Thinking: If fix) = a" where O < a < 1 arrange the 
following in a ascending order A7) (2-كر,‎ fL 5 ) AO). 
Q em 


(1 If f(x) = ¥ then complete the following: 
aqm2- . b fix+2)= — fx) © fooxfens - 
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© Solution 


a A225329 b HK CNY NN N 29/0) 
c ND FCO 234 x3*23* 723921 
E Try to solve 


(4O Write the rule of each function under its suitable graph: 


Applications tends to equations in the form a* = b 


Growth and Decay 

In our daily life there are a lot of phenomena expressing growth and decay by time such as 
the study of population, bacteria, viruses, radiation substances, electricity and temperature. 
In algebra, there are two functions, representing the growth and decay which are exponential 
growth function and exponential decay function. 


First :Exponential growth 

We can use the function f, such that f(t) = a (1 + r)' to represent the exponential growth with a 
constant percentage during constant intervals of time, where (t) is the time, (a) is the intial value, 
(r) is the growth percentage per interval of time (Discuss your teacher to conclude the previous 
relation). 
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@> Example 

(2) Ihe.compound interest; If principal P is deposited in one of the banks at interest rate r 
(percentage) and compounded n times per year for a period of t years, then the accumulated 
value A is given by: 
A=Pil a 
Example: A man deposited a capital of 5000 L.E in one of the banks with annual compound 
interest 8%. Find the sum of the capital after 10 years in each of the following. 


8 The interest compounded annually 
b The interest compounded quarter annually 
€ The interest compounded monthly. 
© Solution 
Use the relation A=P(1+ £)" 


(a) The interest is compounded annually ` nal 
C = 5000 (1+ 0.08)'? = 10794.62L.E 


(b) The interest is compounded quarter annually ` n=4 
C= 5000 ( 1 + 908. )0** = 110402 LE 
(€) The interest is compounded monthly ° n=12 
C = 5000 (1+ 908) 0*2 = 110982 LE 
E Try to solve 


(5) Number of breeding Bees in a bee cell increases at rate 257 weekly. If the number of bees 
at the beginning is 60 bees. Write the exponential function that describes the number of bees 
after t weeks. Then estimate this number after 6 weeks. 


Second : Exponential decay 

We can use the function f At) = a (1 - r)' to represent the exponential decay with a constant 
percentage during constant intervals of time, where t is the time, a is the intial value, r is the 
decay percentage per interval of time 


@ Example 


(3) Connedted with trade; Kareem bought a car at 120000 L.E, and its price decreases at the 
rate of 12% per a year. 


Ist: Write the exponential function which represents the price of the car after t years. 
2nd: Estimate to the nearest pound the price of the car after 6 years. 
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© Solution 
a= 120000 , r=l=0.12, t = 6 years 
Ist: the exponential decay function is: H = أل - اند‎ by substituting then 


f = 120000 (1 - 0.12)! then: fit) = 120000 (0.88)! 
2nd: putt = 6 in the exponential growth function 
5) = 120000(0.88)* = 55728 49041 
The expected price of the car after 6 years is 55728 I.E 
E Try to solve 
© A patient gets 40 milligram of a medicine. The body gets rid of 
10% of this medicine every hour. 
a Write the exponential function which represents the quantity of medicine left in the 


body after t hours. 
b Estimate this quantity of medicine left in the body after 4 hours. 


e Exercises 2-2 e 
C1) Complete each of the following: 
The function f such that f(x) = a * is an exponential function ia A 
The exponential function g where g(x) = 3 *' its base is 
The function K where K(x) = (3D **! is not exponential because 
The coosdiustes of the golat of intersection of the curve of the fenction Ax) =a" with the 
straight line x = O is the point (...... , ) 
e iin st di dis adapter ue . 
gx) = 35, a(x) h 


(2) Choose the correct answer from those given : 
a The exponential function of base a is increasing if 


{aja >0 (b) a»1 ()O0<a<l (diaz 
b The exponential function of base a is decreasing if : 

(a) a > 0 (b)a <0 (e) 0 <a € I (d) -1 <a > 0 
c The exponential function f(x) = a" „a > 1 its curve approaches: 

(a) the x-axis (positive direction) (b) the x-axis (negative direction) 

(€) the y-axis (positive direction) (d) the y-axis (negative direction) 
d In the exponential function f(x) = a „ a> I then f(x) > 1 when: 

e R (b) x € R* ie) R d eZ 
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€ In the exponential function g(x) = a `, (0 < a < 1) then 0 < a` > I when x € 


GD Show which of the following is an exponential function then determine the base and the 
power of each:- 
a تع وار‎ b fix) =2(5)" e 0= 
d fix) =3x2-1 e fo) t Ax) ع‎ (CY 


® Represent graphically each of the following functions then find the domain and the range of 
each. Also determine which is increasing and which is decreasing: 


a =¥ b N d e f)e3Q* — d ا+ا* 2د ضور‎ 


e Ao» 0-2 1 ضار‎ 2) *- 1+1 9 Kos (43 


(5) Saving: Ziad deposit 80000 L.E in a bank which gives and annual interest of 10.5%. Find 
the total amount of money after 10 years given that the total around is given by C =a (1 +r)’ 
where t is the number of years, a the starting amount, r the annual interest 


(© Communication: The number of the land lines telephone decreases in a city as a result of 
the proliferation of the mobile phones at the rate of 10% yearly. If the number of the land 
lines in a year was 54000 lines write the exponential function which represents the number 
of lines after t years then estimate the number of lines after 3 years. 


(7) Investment: The number of cows in a cattle farm is 80 cows and the reproduction rate of 
these cows is 1896 annually. Find the number of cows after 4 years. 


(8) Population: The number of population in a city of A.R.E reached 4.6 million people with 
an average increase 4% annually. 
Ist: Write the exponential growth function after t years. 
2nd: Estimate the number of population after 5 years. 


(9) Sport; The number of spectators of a football team decreases at the rate of 4% each match as 
à result of recurrent loss in a championship, and if the number of spectators in the first match 
was 36400. Write the exponential function which represents the number of spectators (y) in 
the match (t) then estimate the number of fans in the tenth match. 


10 — A0 = Prove Gt er trda has a constant value whatever the 
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(1) Find in R the solution set of each of the following equations: 


a 3+1 لر‎ b (24/3)'?28*7? 
© Solution 
a 31*! aL ` 37*!z23^? 
44123 .x=-4 ` solution set = (-4) 
b Q/7) مدعل‎ ` 2x25 es oy 
E 232052 * 8 u 
.- n: a HH 
` 329261-22 ` 3x-6x=9-12 + Computer program for 
-3x=-3 xal ' solution set = (1) graph. 
Scientific Calculator 
EJ try to soe ١ 
C1) Find in R the solution set of each of the following equations: 
^x 32 + 52(* 
a 2 -i b weed 
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ا ا ا unnLnLnL]4h — ä‏ ^[ 


S . 
2 Find in R the solution set of each of the following equations: 


a 2772572 b 7° 32 


© Solution 
a 225" ` x-3z20 xz3 
' solution set = (3) 


b 77*! 23242 ^ 73593 3 (ا+تخالة‎ ^ Zaetlagrel 


` x+1=0 xm-l ' solution set = (-1) 
El try to solve 
(2) Find in R the solution set of each of the following equations: 
a 31522765 b 42232 
Critical thinking; Find all possible solution of the equation x *? = 4 * ? 
q em 
3 HAN - 3* 
a Prove that f(x + 2) «lx - 2) (25) b IH HN 1) -fix - 1) =72 find x 
© Solution 
a LHS 2f(x42)«fa-2  235*2«357 
= 3+2+2 =3% H ع‎ 11. 
b afx+1) - fix-l) =72 ` yet. 31 77 
37.350272 
` 81 (32-1) =72 
` 35!2923 ` x-1022 ` x23 
E Try to sotve 
GD M f G) = 8", fio) = 4" 


f, (2x+ +f, x2) 
v pov dut A05 ^ 


b Solve the equation f, (2x) +f, (3x - 1) = 80 


128 


76 Pure mathematics - Second form secondary - Scientific 2019-2020 


D Example 


(4) Ax) =2" 
find x which satisfies the equation: f(x) + 5 - x) = 12: 


© Solution 
By substituting in the equation f(x) + 5 - x) = 12 


2:425*22 

2" x 2" + 2 5-* x 2" = 12 x 2" multiply both sides by 2" 
23*4 25-448. 42280 

2 24 12x 2" + 32 =0 by factorizing trinomial 
(2*-4)(2*-8)=0 

either: 2* = then x= 2 

or: 2* =2? then x = 3 


E Try to solve 

(+ 1) (1-ي‎ 
a In the previous example prove that: A + Auc 
Solving Exponential Equastions Graphically 


Qaem | 


(5) Using a graph program draw in one figure the two curves of the two functions f,(x) = 2", 
fax) = 3 - x, then find from the graph the solution set of the equation 2" = 3 - x 


© Solution 
Using the GeoGebra program draw the two curves of the two 
functions and from the graph we find that the point of intersection 
is (1,2) 
So the solution set of the equation 2* = 3 - x is (1). 


E] Try to sotve 
6D Using a graph program draw the graph of each of the two functions: 


fo) 2" fux) inone figure and then find from the graph the solution set of the equation 
2 =x+2 
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CT) Choose the correct answer: 
a if2**'=8 , then x= 
(a) 1 (bb 2 (64 (d) 3 
b ifS*^!'z4*thenxz 1. "E 
(a) 5 m1 te) -1 (dio 
c nl where a > 0, then a= — — 
(a) | (bi -3 ) 2 )0( 3 
2 Find the solution set of each of the following equations: 
a 27*!24 b 3712] e 72s] 
d 5*+3 4 e (3/3)"=27 f 33.3 = 162 
g 35 2324+ 25 - 63 h 2424212 | edadea 


(3) Find the S.S of the two equations: 
3x5'275 , 3Yx5'245 


@ M f (x) = 3^, f(x) = 9 find the value of x which satisfy f,(2x -1) + f(x + 1) = 756 
GD If fix) = 7**! find x which satisfy 2x - 1) + fix - 2) = 50 
C6) find graphically the solution set of the equation: 


a 3 2=3-x% b 2=2r 

(7) Creative thinking; If x? = y? and x^*' = y"^!. find the value of n? 

(©) Numbers; If the sum of 2 + 4 + 8 + 16 + von * 2" is given by the relation 
$,22(2- 1) 


a Find the sum of the first ten numbers in this pattern 
b Find the number of terms of this pattern starting from the first term to give the sum 
131070 


(9; Solve each of the following equations 
a 39-44: b 72:472 50 


10 Creative thinking: 
Find the solution set of the equation: 
g*+l. 34933543 =0. 
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JM) Think and discuss 

The opposite figure represents relation (father) 

between a set of fathers (x)= { Emad, Abdallah, 

Ossama, Atef} and a set of daughters (= {Amal , 

Nayera, Ghada, Gana}. using the figure : 

1) Write the relation representing (father) from 
X to Y. does the relation represent a function ? and if so is it one to and graphically 


one Function? 
2) Write the relation representing (daughter) from Y to X. is it a 
function? Key - term 
dun 
The Inverse Function » Inverse Function 
If the function f is (one-to-one) function from X to y then f is an | + One-to One Function 
inverse function of f from Y to X if : » Domain 

for (x. y) € f then (y.x) ef Spes m 

q e 
(1) If the function f is as follows: f= ( (1, 2), (2,4), (3,6), (4, 8)} . 

Find the inverse function of f and represent both in one figure. Matrials LH 
© Solution 
The function f is one to one 


So, it has an inverse 

a fix) = {(1,2), (2,4), G. 6), (4, 8)} 

=. U. G. 2), (6, 3), (8, 4)} 

We notice that the function f and the 
inverse function f^! are symmetric 
about the straight line y =x 


Thus f^ (x) is the image of f(x) by N 
reflection in the straight line y = x 
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E Try to solve 
C1) Find the inverse function of the function represented by the following table: 


2 


If the function is not one-to-one (Doesn't satisfy the horizontal line CS NE ULT) 
test..) then its inverse doesn't represent a function. za 


ie (is not one to one) then its inverse lyl = "عو‎ is nota function. 


Properties of the inverse function: Domain f(x) 
1) we said that f(x) . g(x) each one is inverse DU — 
function to the other if 
f% a= and (g %f)(x)=x 
2) the domain of f(x) = the range of inverse function f? 0) 
f^" Range / (x) Domain / (x) 
the range of fix) = the domain of inverse 
function f7" (x) 
Critical thinking; 
What is the domain of the function f such that f(x) = x in which the AO 
function f has an inverse function and find that inverse function. to find the inverse 
function, first we 
— then we find y in 


(2) Find the inverse function of the function f such that f(x) = 2x + 1 terms of. 
and represent f(x) and its inverse graphically in one figure. 
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© Solution 


y z2x«41 

x z2y«l exchange variables 
2y 2x-1 

y -ab NH- 


LL 
ERE At 
Notice that The curves of the function fand its inverse function ب‎ 
are symmetric about the straight line y = x gan 
Bore m 
2 Find the inverse function of the function y = x and represent mEG 
both in one figure. 
Qi exeo 
(3) If fo) 3 «/x-T find 


a The domain and the range of the function f. 
b f- (x) and find its domain and its range 
€ Using a graph program draw the graph of each of f(x) and its inverse function f'(x) 
O Solution 
a f(x) is defined for all values x -1H O ie. x HI 
` The domain of fix) = [ 1 , el 


a ANT Ho for all values of x which belong to the domain 
` 354/331 H3 = fIoOH3 
* The range of f(x) = [ 3. | 


bayz3eJ/i-1 
by exchange the variables x , y 
x=3+ ]رب‎ x-32 Jy-T by squared both sides 
(x-3P s y- ld 
y =- ` f10 =) 3+1 
The domain of f (x) = R And the range of it = [1 = | 
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E Try to solve 


7 — 
G;iffR$ R. fw "X 


a Find f (i and determine its domain and its range 
b Using a graph program draw the graph of each of fix) , f(x) 


e Exercises 2-4 e 
1 Complete: 


a If the function f= ((1,4),(2, -3), G. 1),(4,0)) “رمع‎ = 8 nidi 

b The opposite figure represents a function كر‎ x $ Y then 
PUR — 

€ The image of the point (2, 1) by reflection in the straight line 
906. 

d I is a one to one function and (2) = 6 then f (6) = 

e Iff.x$ — Axthenf*:x$ 


(2) Put () for the correct statement and (X) for the incorrect statement: 


a The domain of the function is the domain of its inverse function. ( 

b The increasing function on its domain always has an inverse function.. 
€ The even function always has an inverse function. کک‎ 
d The odd function always has an inverse function. ( 


€» Find the inverse function (if possible) of each of the following: 


a A b f(x)=4x 

€ f= s+4 d fes i 

e NST t NN 

9 fxy=2+/ 3-4. h f(x) = where x HO 


i fosG-1?«2 where x H 1 | AN تدع‎ +8x+7 wherex H-4 
k د ضار‎ / 9-2 where -3 Gx G 0 

1 د ضكر‎ / 9-9  where0Gx G3 

m f={(1, 2), (2.3). 6. 4)} 


2 
9 7 
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(4) a If f(x) = 5x. find f(x) and represent it graphically. 
b The opposite figure represents the function f from X to Y find 
f7 (2f c). 


4 
\6, Discover the Error; 
Wael and Rana tried to find the inverse function of the function f(x) = قحك‎ 


Which solution is correct? Why? 


(7) Open question; Is it possible for a function f to be itself the inverse function f N If it's 
possible give examples. 
(8) Determine the domain at which the function f has an inverse for each? 
a fes b تدع زر‎ e fasta 
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Graphical representation of the inverse function of 
the exponential function 

Saas) |] FF dee | 
You know that the function y = 4x is the BENZ 


inverse function of y = x? for x H 0 (its 
image by reflection in the line y = x) 


the exponential function f such that Ax) = 2" graphically by representing 
the values of x, y for the ordered pairs of the function. 


Ò Boe eM ساط‎ x x 


We find that the inverse of y = 2" is x = X and the variable y in the 
equation x = 2° is called logarithm x. * 
it's read as logarithm « to the base a 


d) Learn 
Logarithmic Function 
If a € R* - (1) then the function f: R* $ R where fix) = log x is the 
inverse function of the exponential function y = a* 
f(x) = Log x is called the logarithmic function 

» Domain of logarithmic function = R* 

> Range of logarithmic function = R 

> The form y= Log x is equivalent to a= x 

a 
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Converting to the logarithmic form: 
a 24-16 equivalent ag Mod b 52-25 equivalent Log 2522 


ly *. 2 m4 
e (= equivalent 4 16 4 d 107-001 equivalent Log 001 2 
E Try to solve 
C1) put each of the following in the logarithmic form 
a 71-249 b (/2)"232 c 0 لھ‎ d Seal; 
The common logarithms of base 10. 
If the base of the logarithm is 10 it is named by common logarithm and written without base such 


as ‘meine: | lied: cond 
1 1 
Change to the exponential form: 
a tag Bi a4 equivalent 3*=81 b Log 7 equivalent 2 128 


€ Log 7g --2 equivalent 10 % 4 Log 27 71 equivalent — 811227 


E Try to solve 
(2) Put in exponential form: 
a Log 25 =3 b Log 3-5 c Log 1 =0 d Log 1000=3 


Evaluating the value of the logarithmic form of given base: 


qe 
(1) Find the value of: 
a Log 0.001 b Log 7 
© Solution 
8 Putting y =Log 0.001 b Putting y = Los $27 
change to exponential form: Chüigs t6 موسي‎ toe 
10 - 0.001 y. from the propertiesof exponents 
10° - ) ? from the properties of exponents 
11 n a 
E exponents 
wg 


y=-3 thus log 0.001 =-3 


E Try to solve 
GD Find the value of: a Log 0.00001 b 3 128 
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D Example 


(2) Find in R the solution set of each of the following equations: 
8 هما‎ (2x - 5= 1 b Log (+2) =2 
x 
© Solution 
a The equation is valid when 2x - 5 > 0 i.e. x > $ (the equation validity domain) 
converting the equation into exponential form 
` 3!s2x-5 ` 2x58 
` عع‎ 4 the equation validity domain ' solution set = (4) 
1 722 0 x1 52 
b The equation is valid when x 5 ie. 95 
311 x! 1 
then o- (1) (the equation validity domain) 
converting the equation into the exponential form 
` exe? "o y-x-220 
^ (x-2)(x*1)z0 122 or xz-l 
a = l € the equation validity domain ` solution set = (2) 
E try to sotve 
Find in R the solution set of each of the following equations: 
a Log x=] b Log Sx =2 


A 
- ^ 
* 


Graphical Representation of the Logarithmic Function 
The function f such that fix) Log x,a! 1 is represented graphically as in the following figures: 


The domain: R* 

The Range: R 
Intersection With x-axis: (1,0) 
Increasing on: R* 
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The domain: R* 

The Range: R 
Intersection With x-axis: (1,0) 
Decreasing on: R* 


Critical thinking: Can you deduce the relation between the exponential functional and logarithmic 


function? Show this. 
سيكت‎ 
(3) Represent the following functions graphically: 
a fx) =Log + micis. y 
© Solution 
8 Notice that the base 2 > 1 b Notice that: the base: 0 < + > 1 


2 1 4 
1 0 | 2 


Using the calculator: 
The scientific calculator can be used to find the values of the logarithms as follows: 


1) to ind Log 4 wo prem the kay wih ho following sequence: 


Cin SCO 
2) to find Log 38 we press the keys with the following sequence: 
^ 3 8 * 579783507 
Drill; 
Using the calculator to find 


a Log 12 b Log 24 b Log 3; d Log 128 
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C1) Express each of the following in the equivalent logarithmic form: 


a 3121 b d*- عل‎ c =1 d )/ 6-4 
(2) Express each of the following in the equivalent exponential form: 

a Logl00=2 b Log 447 =3 © Logl=0 d Log 121 =4 
(3) Find the domain of each of the following functions : 

a ضار‎ > Log Qr 1) b fix) = 2Logx € ضارا‎ = Log 6:3) 
CA) Without using calculator find the value of: 

a Log 16 b Log 5 c Log! d Log3 3 
(5) Find in R the solution set of each of the following equations: 

a Log 27 2 b Log (2r+3)=2 € Log(2x+!)=0 

d Log (Log )= 1 e Log [13 + Log K 2 f وما‎ (4% -2)=x 
C6) Represent graphically each of the following functions: 

E Ax) > Log x b ددر‎ = Log (e) 


= | | | ! ! 5 1 ; 
GD Draw in one diagram the curves of each of the two functions g, f where atx) = Log x, 
suom a ع عي لاعس مع‎ ame 


9817 


Choose the correct answer: 
© i Log 2 
a9 b 8 c 3 d 5 


)9( If Log 16=4 سعط‎ 8 ee 
a 


a (16) b (2) e (2.2) 4 (1) 
39 Log 
a J3 b 3 6 5 d 125 
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GÙ The domain of the function / such that fx) = Logs is 
(x) 


a L. IU b. I b jx, € jl, xf d |-1, 1| 
42 Log .— 
a 1 b 2 € 3 d -1 
{3 If the curve of the function f where fix) = Log x passes through the point (8, 3): then 
I= 
a | b 2 c l d 2 
44 the opposite figure represents the function... Ei 
a y=3"'! b 12 — 
€ y= Log(2-x) d y= Log (3-x) E. EE 
— 6 TIT 
Is Find the value of each of the following then check the result | | | TTTTTTT 
by using calculator: 
a Log 81 b Logg c Log 343 d Log 0.001 
46 Find the value of each of the following then check the result by using calculator: 
a Log =] b Log(2x-5)=0 © Log(x*6)22 
d Log Log Logr=0 el Logs)! t Logi 2 elle 


42D Education: if the relation between retention of materials of a student in the first 
secondary form and the number of months (t) starting from the end of study of the class is: 
ely ocn 


find the score of the student: 
first: at the end of the study of the class (t = 0) 


second: after 7 months from the end of the study of the class. 


48 Application; In a study to measure the students retain what has been studied in a certain 
subject they re - examed from time to time in the same subject. If the student score follows 
the relation At) = 85 - 25 Log (t + 1) , where t is the period after studying in monthes, f(t) 
is the student score in percentage. Find: 


a The score of the student in the first exam for this subject. 
b The score of the student after 3 months from studying this subject. 
€ The score of the student after one year from studying this subject. 
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Ga 
$ 
We will learn E Use the calculator to evaluate cach of : 


een 1) (Logá + Log8) , Log32 2) (Log40 + Log?) , Log100 


SER. 3) (Log27 - Log9). Log What do you deduce? 


M 


+ Life applications on Some Properties of Logarithms 
n 
Key term 
» Logarithmic Equations Try to prove each of 1 and 2 using the definition of logarithm. 
+ Richter Scale 3) 


Multiplication proper 
Log* y > Log* + Logy where x, y € R* 
^ a a 
To prove this relation: 
put b = Logx , ء‎ = Logy 
a a 
and from the definition of logarithm: 
xza , yaa 
then xy =a” x a le. ye 
converting the last form into logarithmic: Logxy = b +c 
a 


— — MN By Substituting the values of band c, we انع‎ Log = Logt + Logy 


* Scientific Ca. > Example 
* Computer and a graph ac, 
program © Find the value of Log10 in the simplest form. If the value of 
Log5 - 2.3219, verify your answer using the calculator. 
© Solution 


Log !0= Log (2x3) 


= Log? + Logs using the multiplication property 


= 142.3219- 3.3219 using property (1) and by substituting 
Log$- 23219 
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Check by using calculator: 
يه‎ GS 25 0 © BER 
E] Try to soie 
C1) Find the value of Log 5 in the simplest form, if Logs - 1.465. verify the result using 


4) The divis 
to 
8 
(2) Find the value of the expression: Log30 - Log3 . 
© Solution 
Log30 - Log 3 = Log À} = Log 10 = 1 
E] Try to solve 
(2) By using the division property in logarithms prove that: Log2 = 1 - كعمآ‎ 


X - Logy where x, y € R* (Try to prove this relation) 
a a 


here ne R. XI O, ae Ra I! 


سكت 
Find in the simplest form the value of Log 123 0‏ )3( 
Solution i ١‏ © 
iate aedes qm «ns us‏ 
E] Try to solve‏ 
Simplify‏ )3( 
Log V243 , Log 343‏ 


Notice that: Log(5) =- Log x where x € R* 
a a 


6) Base changing property: — inii 


If x e R* and y, ae R*- (1) , prove that: Log! 
y Log Y 
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y =x converting into the exponential form 


2 Logy = Logz by taking log, to both sides 
Log x Log x 
then 2 د‎ ic: Log 
Log Y y Log y 
E] Try to solve 
(4) use property 6 to find the value of: a Logs b Log243 


Critical thinking; If a, b € R* - {1} prove that Logb = —— hence find the value of 
Log? * Log3 in simplest form. * 


Simplifying logarithmic expressions 
Q meno 
(4) Simplify: 
a 2 Log 25+Log (4+ }) +2 Log3-Log30 b Log49 * Log$ x Log x Log 9 
7 
CO» Solution 
© The expression = Log 25* + Logis + Log3? - Log30 property 5 
= Log )252 x $ x 32 «Dy properties 3, 4 
= Logl00 2 2 
b The ے‎ Logt9 , 5هما‎ . x Log? 6 
expression — Log? properties 
ے‎ ee ى‎ =2 
Log? Log? 
E Try to solve 
GD Simplify: Log0.009 - Log 17 + Log 15 $ - Log 75 
Lor729 lat 
(6) Prove that: Lop-log 7? 


(2) M x? + y? = 8x y, prove that: 2 Log(x + y) = 1 + Log x + Log y 
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Solving Logarithmic Equations 
q e 
(5) Find the solution set of each of the following equations In R: 


a LogG - 1) + Log( + 1)= Logs b Logt + Log3 =2 


© Solution 
a The equation is valid x € (x - | > 0) (cx + 17 0} 
then x > | (equation validity domain) 
LogG - 1) + Logs + 1) = Log8 
> )هما‎ - 1) (x+ 1)= Log8 property 3 
18 2229 then x !ع‎ 3 


x = -3 € equation validity domain ` Solution set = (3) 
b Doug ا‎ eat 1 


* * property 7 
T 
8 (Logs)? + ١ = 2Logs multiply by Logs 
: (Logs)? -2Logx + 1 =0 (Logs - 1? =0 
1 Logr=1 ` x= 3e the equation validity domain 


' Solution set = {3} 


E Try to solve 
(® Find the solution set of each of the following equations In R: 


a Logs + Logs +2)=1 b Log(8-x)*2Log/ x-6 =0 © Logr-Logl00=1 
Solving Exponential Equations Using Logarithms 


© Example using calculator to solve exponential equations 
(6) Find the value of x in each of the following (Round the result to the nearest hundredth). 


a 25 b 52234" 
© Solution 
a 2+5 by taking log to both sides 
` Log2**!z Logs ` (e+ 1) Log2 = LogS 
١ اله‎ ie x= كه‎ ١ E NC 
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Using the calculator: 

® CO C) CmÉO @ ® COD 062 © wee” 
b 5223.4 by taking log to both sides 

`  Log5*? = Log( 3 x 4*1) ` Log5*? = Log3 + Logs! 

` (x-2)Log$ = توما‎ + (x + 1) Log4 ` xLog5-2Log5 = Log3 + x Log4 + Log4 

` xLog5-xLogá- Log3 + Log4 + 2Log5 "x (Logs - Log4)=Log3 + Log4 + 2Log5 


. SE CES 25.56 
Using the calculator: 
Ge C37 CO) C3 GD C4) CO C) C3) Cg) A d 
tee] 


El try to sotve 
0 Find the value of x in each of the following approximating the result to the nearest +: 
a 3772134 b 722479 


e Example Applications on logarithmic laws 
(7) Geology: If the magnitude of the intensity M(1) of an earthquake on Richter scale is given 


by Mil) = Log (Î), where I is the earthquake intensity, logepresents the smallest earth 
movement that can be recorded, called the reference intensity. 


a Findon Richter scale the magnitude of the earthquake of intensity 106 times the reference 


b In HOP An aquis ii 7.1 Gin Ricker qot iia معدا‎ in Mesi. 
© Solution i 
a a -U 10° 1% 


1 
` M=Log( 100 = Logi0® =6 0اعمآ‎ =6 


i.e. the magnitude of the earthquake on the Richter scale is 6. 
D A M= 10 


= 2E P, udis 210! 
7.1 Log( id E 10 
9 I= 107 1% 


i.e. the earthquake intensity is 12590000 times the reference intensity. 
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EJ Try to solve 
4@ If the population of a city starting from 2010 is given by N = 10° (1.3)'?°! , where N is the 
number population , t the year 


& Find the population of this city in 2015. 
b In which year the population of this city is 1.4 million people. 


c —— f 


CT) Without using calculator find 
b d 
a Log 1000 Log 32 c uw Log 49 
€ هما‎ 0001 t 2 g 1 h vy 
s "Milla diffe. à 
(2) Simplify to the simplest form 
b z Log2s 
a Log? + Logs Log 15 Log 3 c Lo 
d Log $* Log 2 e LogS4-3Log3-Log2 f 1 +Log3 - Log2 -Logis 


1 1 i 
9 Log + Log’ +Loge ^^ Log 12 * Log 12 * Log 12 


abe abe abe 
If ye R. a, be R, - (1) Put (v^) in front of the correct statement and (X) in front of the 


incorrect statement 
a Log(t+y)=Logr+Logy( ) d Log(x* y) = Logx * Logy 003 
a a a a a a 
© Logit y)=Logx+Logy ( ) d Logz“ = SLog2x AED 
Bj us 
a) = 1 — 
e Log?) Logs + Logy ( ) Log y Log y ci 
g Ifx > 0 معط‎ Logx* =4Logx C) 


(4) If Log2 = x , Log3 = y find in terms of x, y each of: Logs Log 12 
i 
/5 Find the value of x in each of the following approximate the result to the nearest hundredth. 
a 7*325 b 752322 c 7 d riors 100x 
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(6) Find in R the solution set of each of the following equations: 
a Log x= 1 - Log (x- 3) b Log («+ 6) =2 Log x € Log(x*8)-Log(x- I) 1 
d (Log a- Log =3 e (Log x) = Log x? f| 3 مح *هما‎ 3 


9 :هما‎ = Log 3 h Log 2+ 108222 l 133 
(7) Use the calculator to calculate: 
3 1١50 × 5 200 
a Log 3.15 b Log 25 € 2Log5-3Log7 d E E 


(8) Use the calculator to find the number of digits of the number 447 


(9 Chemistry: the (PH) level of a solution is known as negative the logarithm of the concentration 
of Hydrogen (H*) in the solution; PH = log (H*). 


a What is the Px of a solution for which the concentration of hydrogen ions is 10? 


b Find the concentration of hydrogen ions of absolution whose Px is 9 
10 Population; If the population of a city increases by rate 7% 


a Find a formula of the population of the city after one year. 
b After how many years the population is doubled assuming that it rises at the same rate. 
$9 11 = 5 + 2 / 6 find the simplest form of the expression Log ( + x) 
42) Discover the Error; Amira and Esraa solved the problem : simplify: Log x? + Log y*- Log xy? 


the expression = log j = log à? 
log (ry? =2logxy 
=2 (log x + log y) 


which answer is correct ? why? 
43. Creative thinking: without using the calculator calculate: 


Log (tan 1% Log (tan 2% + Log (tan 37)  — + Log (tan 89°% 


př : 
For more exercises, please visit the website of Ministry of Education. 
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Unit Summary 


1) Integer exponents 
a a"-axaxax* xa (The factor a repeated n times) 
b a= 1 where a SR. (0) c a! د‎ a*=—Lwherea! 0 
propertiesdintegre«ponents m ne Z,a b eR - (0) , then: 
a" 
a a" xa" . b (ab“ =a" b" c * 
d (2) = i € (a = am 


The Equation x" = a, where a Re Z* has n roots 

a Ifn is an even number. a R There exists two real roots (the other roots are complex 
and not real) one is +ve and the other is -ve. The «ve root is called principal root and 
denoted by Ya 

b ifn is an even number , a eR (The equation has no real roots) 


€ ifn isan odd number , a eR 
There exists one real root ( the other roots are complex) the real root is called principal root 


d Ifne Z a =0 
The equation has only one root x = 0 (has n of repeated roots , each of them =0) 


3) Properties teh Ifa LV b eR* then: 
3 * LJ . a 
al B= ax b [t rv! 0 
€ V," GA d Yar -aifnodd = lal If n even 
4) Rationd exponentsa ^ -'/a where ¥, eR 
5) Propertiesdf rational exponents 


8 a ملاع‎ ,aH0,neZ'-(1) 
This relation is true when a < 0 , n is an odd integer > 1 


b a =( Ja "= Jar a € R, m, n integers without common factor between them, 


n l. Va ER 
6) The exonentid fundioam If f RS R* where fix) = a" , a € R*- (1) then f is called 
exponential function of base a 
7) Propertiesof the exponential function curve 
a the domain = R b the range R* 


€ The function is increasing on R when a> | (exponential growth). 
d The function decreasing when 0 « a «1 (Exponential decay). 
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8) Theeponentia equation: 
If a^ = a" where a € (0,1,-1) then m =n If a^ z b^ where a. b € (0, 1, -I] then 
either ns or a=bifnodd or aslblifneven 

9) theinversefundion if fis one. to one function from set X to set Y then f : Y$ X is called 
the inverse function of f if for all (x , v )e f then(y , x )e f? 

10) ae thefundtion / 7 is the image of the curve of the function f by reflection in the 
straight line y 2 x . 

11) The function f has an inverse function f if f is one to one function and its curve satisfies 
the horizontal line test i.e( Any horizontal line intersects the curve at one point 
> Each of f(x) , g(x) is inverse of the other if (f 9&) ( x)= x , (2% (x) = x 
> The domain of the function is the range of inverse function the range of the function is 

the domain of the inverse function 


1 
If à eR* - (1) then the function y = E 
function y = a" 
a^ =c then b= Log c (converting from exponential form to logarithmic form and conversely. 
€ The common logarithm whose base equals 10 (note Log 5 = Log5 ) 
13) RO logerithrric Y ad 


8 The domain =R* b the range = R 
€ the function y= Log. is increasing when a> 1 and decreasing when 0> a <1 
^ 
14) Prapertiescf logerithime If aeR* - (1) 
a Log a=! b Log I= 0 © Log x" =m Log x where x >0 
a a 

a Log 1+ Log y= Log x y where x. y»0 
e Log x - Log y = Log—- where x, y < 0 

a a a 

Log x 

f Logx=—2—  wherex O. a. be R* - (1) 9 Log «* Log a=! 

a Log à a x 
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C1) Calculate the value of each of the following: 


a ca»! b 416° c Log, w (03)? 
(2) Simplify each of the following: 
Sx 4* $x3™-4x 32"! 
a SEI b ETILIMIS € Log, 4*2Log, 3 


GD Find the solution set of each of the following equations: 


a 2*= 10 approximate the result to the nearest tenth. b Log,x*Log, 322 


e 27.275427! z.] d . 3 43220 


(d) 0 


(d) -1 


Choose the correct answer: 


a Thenumber27 + 2 23 + 2 22 is divisible by — 


(a)3 (b)5 (e)7 

b IfLogx+11)=2thenx= - 
(a) -9 (b) 22 (e) 89 

€ The sum of the roots of the equation x fes 
(a) 2 (b) -2 (e)!2 

d Log (cos i ) + Log (seci ) = 1%. GI 
(a) 1 (b) 0 (e)2 


G) If Logix + y) = } (Log x + Log y) + Log 2 prove that x= y. 


C6) Physics; The periodic time of pendulum is given by t = 2F T. tis time in seconds L is 


= 9.8 m/sec? 


the length of the pendulum in cm, g is gravitational 
a Calculate the time for pendulum of length 73cm. 


b Calculate the length of pendulum takes 10 seconds to complete it revolution? 


(T) Geology: If the magnitude of the earthquake is measured on Richter scale is given by: 
M = Logx, where x the wave capacity which caused the earth movement 
How many time more the wave capacity of an earthquake recorded 10 degree on Richter 
scale than the wave capacity of another earthquake recorded 7 degree on the same scale. 
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First ideas of calculus appeared in the works of mathematical greek "Archimedes" who has developed 


a number of laws in geometry such as volume and surface area of the sphere using some ways which 
considered as a beginning to these methods that used in integration, and in sith and wth century A.D lots 
of mathematical scientists were busy studying problems which related to calculus until each of Newton and 
leibniz has discovered the basic theory of differentiation and integral calculus. Calculus is the branch of 
mathematics that concerned with limits, derivative, integration and infinite series It is the science that used 
to study the change in the function and analyze it . We find that the calculus related to lots of applications 
in geometry and various sciences that often needed to study the behavior and the change of the function 


and to solve the problems that can not be solved easily by algebra 


By the end of this unit , the student should be able to : 


2019-2020 


Finding the limits of trigonometric functions 
Use the graphic calculator to verify the result 
of a limit of a function as an activity 
Recognize the right hand limit and the left 
hand limit 

Recognize the definition of the continuity 
Recognize the continuity of a function at a 
point- continuity of a function at an interval - 
some types of continuous function - redefine 


some discontinues function to be continuous 


Recognize applications on the concepts of 
limits, continuity (exercise and activities) 
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Recognize an introduction of limits 


Recognize some unspecified quantities like 


T = 0.0. Ox. 

0 * 
Determine a method to calculate the limit : 
direct substitution factorization long 


division - multiply by the conjugate 

Finding à limit of a function using the law 
lim I" - g^ 
1 x-a 


ul adu 


Deduce the limit of a function using the law 
lim e, 


raa w- a" 
Finding the limit of a function at infinity 


= N a" 


100 


Uanpec fed quantity Polynornesl hurc b 
deen Limit of a function au 
الود‎ ina Thgenometric function 
Left lime Limit af a trigonometric function 
mit of à function Contirssity of a u 
Owect station 
Materials Lessons of the unit 
Scientific calculator - computer - graphic programs Lesson (3 - 1): Introduction to limits of functions. 
Lesson (3 - 2): Finding the limit of a function 
algebraically. 


Lesson (3 - 3): Limit of a function at infinity. 

Lesson (3 - 4): Limits of trigonometric functions. 

Lesson (3 - 5): Existance of limit of a function 
at a point. 

Lesson (3 - 6): Continuity. 
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The concept of the limit of a function ata point + o» is a symbol 
is one of the basic concepts in Calculus. In this that indicates 
unit we will recognize the concept of the limit of unbounded 

the function graphically and algebraically. But quantity larger 
before that, let's identify the types of quantities than any real 


in the set of real numbers. number that can 
Find the result of each of the following (if de imagined. 
possible): 

2355 (25 28 +4 (354-9 
@7+0 (6) 0+0 OPI 
OLI COLE 

Unspecified quantities 


„„ 

In (think and discuss) we see that some results of operations are 
completely determined like number 1, 2, 3 while the other operations 
have no specified result. 

Notice that 7 + 0 undefined (the division by zero meaningless) also 
the operation 0 + 0 has no specified result because there exist infinite 
number of numbers which multiplied by zero to give zero . 

So the quantity -D- is called unspecified quantity, similarly the quantitics 
. „ Ox a (why)? 


* Scientific calculator 

* Graphic programs 
The operations on R and two symbols ,عه‎ -æ is performed as follows for 
all a e R. then: 
1- = 2- 4 
2 * whena < 0 E æ when a < 0 

- 6 when a < 0 -* when a > 0 
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C^. Example 
(1) Find (if possible) the result of each of the following operations: 


8 44x b 3-« € 0+3 d -5+0 
© xx f 0:0 g 5x% n 6 
© Solution 
as b * ع‎ 0 d undefined 
ex f unspecified gx hoc 
E try to solve 
1 Find (if possible) the result of each of the following operations: 
a 0+(-2) b 7+0 € 9: d x«0 
e (CY N fo(-x)412 g nem „ * 
Limit of a function at a point: 


Gr activity 
Study the values of the function f where fix) = 2 x + 1 when x close to 2 from the next 
data: 


rad |q255 


We see that: 
when x approaches to 2 from the right and from the left then, f(x) approaches to 5. We express 
that mathematically as lim, (2x + 1) = 5 and the graphical representation of f illustrating that. 


9 — 
number a, then hye f=! 
^a 


- 


And it is read limit f(x) when x approaches to the real number a equals / 
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D Example — (ha faii عاب من ناجيه‎ diii 


(2) Estimate - (2- NS 


© Solution 
Algebraic: The linear function : y = 2 - 3x represented graphically 
as the opposite graph: 
From the graph we see: 
When x + 2 then f(x) ~ -4 
ie - (2-3x)=-4 


AAA a 
ä 


— — T8 Rn 
Ue (743 | 403 | -4.003| — | 4 | س‎ |-399|-391 | -37 


> From the table when x approaches to the number 2 from right and from the left, The 
values of f(x) approaches to the number —4 


E try to solve 
€» Estimate the following limits graphically and numerically: 
A Lim (1.3x) B Lim (2-2) 
X2 x 


^ Example usd UAR ا م‎ M VM 


„ Lim 2-4, 


12 x-2 
© Solution 
Graphically: The opposite figure represents : . = 
where x * 2. 
From the graph we notice that when x + 2 then f(x) 4 


then: Lim 2-4 24 
2:ج‎ x-2 


Algabrealiy: form a table to the values Ax), by choosing values of x closer to 2. 


; | 21 | 20 | 2001 | — | 2 | — | 1999] 199 | 19 | 
41 | امه‎ | 4.001 | — | 4 | — |399| 399 | 39 | 
> — ا‎ 4 when x- 2 from the right and from the left. 
From the previous example we notice that : 


1- The hall on the graph represents unspecified quantity (©) , at x = 2 
2- Rino ينه‎ dit do لاعن‎ i ساي‎ st o D o o a B وب‎ 
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Br to solve 
GD Estimate graphically and algebrically the limit of each : 


A Lim 2-1 B Lim 29-23 C Lim ! 


x42 +ع‎ 1 X3 x-3 X23 X 
Using of technology to find the limit of a function at a point (graphic calculator) 
el activity د‎ 
Use the graphic calculator to draw the curve of the function f, then estimate the limit of the 


function at the specific point. 
1) fo) = when x — zero 


2) fü) د‎ (=L) -2 whenx — 1 
3) fix) = شلك‎ when x — zero 


We can use the graphic calculator or a graphic program like (Geogebro) in a computer or in 
a tablet to draw the function curve as follows: 


1) Using the graphic calculator, represent the curve of the 
function f where fix) = x? 
From the graph 1 fix) = zero 


2) Using the graphic calculator, represent the curve I 
of the function f where 


fos (—L).2 
x-l 
From the graph Lim fx) = 1 
x1 
Note the hall at the point (1 , 1)) 
3) Usingthe graphic calculator, represent the curve of the function 


f where: 3 
2 
An 
* 5 
From the graph Lim An = | N 
1 0 * 


We conclude from the previous activity: 
The existence of lim f(x) doesn't necessary mean the function be defined at x = a 


X-a 


Creative thinking: If the function f is defined at x = a does it mean that it has a limit at a. 
Explain your answer. 
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Exercise on the activity; Using the graphic calculator or with a graphic program in a computer 
or a tablet, estimate all of the following: 


a Lim 9 b Lim "+8 € Lim Sin3x 
~ 3x40 2 ») 2 x22 x*2 * AMD * 


Q -—- 6 


1) Estimate the limit of each of the following functions as x — | 


(a) b c 
Y fio Y fio 


(2) Estimate the limit of each of the following functions at the indicated point: 


b e 


Lim l) 
x23 


(3) From the opposite graph, find: 


a Lim 
x40 KA» 


b 0) 
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From the opposite graph , find 
a Lim fx) 
X3 
b 3) 


From the opposite graph , find: 


a Lim fix) 
122 
b N- 2) 
© Lim fix) 
xÜ 
d fo) 
(6) From the opposite graph , find: 
a Lim (2-3?) 
x40 
b fO) 
(7) From the opposite graph , find: 
a Lim -4 
x2 3 
b 4-2) 
® From the opposite graph , find: 
a f(0) b Lim fx) 
x0 
c f(2) d Lim fx) 
X22 
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Complete the following table and deduce lim f(x) where fix) = 5 x + 4 


x 


19 | 199 | 199 — | 2 | — 2001 | 201 | 21 
"| | 
GÒ Complete the following table and deduce lim (3 x + 1) 
Xal 
09 | % 0999 س‎ | .1 — 1 10 11 
8 | 
ii Complete the following table and deduce lim M 
141 
.09 |.099 .099 | — | -1 | — 1001 -101 | E 
t | 
42 Complete the following table and deduce 2 لخد‎ 
s : 
199 199 | — 2 


— 24 


— | 2.001 
t 


r1 0 
| 
42 Use the graphic calculator or a graphic program to estimate the limit of all of the following 
then check your answers using guiding values. 


a Lim (3r-4) b Lim (24) 
x2 el 
Lim x +١ +8 
c d Lim 
.هي‎ x«l 1222 12-2 
e Lim (x+Sin x) f Lim A 
x- 0 x0 x 
Lim ل‎ h Lim .!. 
s mr ri +0 ixi 
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Finding the)Limitofia 


Function Algebraically, 


You have learned how to find the limit of a function graphically or 
numerically by studying the values of the function near x = a. Here 
are some theorems and corollaries that help in finding the limit of a 
function without making a graph or studying the values of the function. 


T 
Der 


Use one of the graph programs to graph each of the following function 


on the same figure: lim EF موود‎ 
fins — Jo) =x ١ 
What do you notice? [-—— .. 
Find: Les nw Ma ffx) + Limit of a function 
What do you conclude? + Polynomial function 

» Direct substitution 
pe: 

* Synthetic division 
Limit of a polynomial function: » Conjugate 


U > If fx) is a polynomial , a € R 
Then: lim f(x) = fla) 
X 


(1) Find each of the following limits: The function f is » Scientific calculator 
a Lim (x2 - 3x45) called polynomial » Graph programs com- 
2خ‎ function if it is at puter 
b Lim (4) the form 
x23 fix) = e, + ex + eye 
© Solution + at 
os eee where: n € N, 
*7* 24-64 523 (direct substitution) c, zero, 


b M ud fix) = 4 is a constant (Gi e, ER 
Noe 
function for all x e R 
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E try to solve 
Find each of the following limits: 


a Lim (2-5) b Lim (3x2 +x -4) € Lim (7) 
x43 122 x~-2 
Üj > If lim Axel, lim g(x) =m then: 
X-a Xa 
00 dim kf) =k where keR 2- bus! زوع + نباي‎ - ١ m 
Xd 
3- lim Ar). g.) Im 4- ^ fe) 2! where m 40 
xa xa X0 m 
5- lim (f) = where "eR 
X4 


(2) Find the following limits: 
اه‎ Lm 3*7 b Li - 
1-1 TJ nn 
@ us me? 5 221 3x-147 4.4.2 
x1 err Lim Y eich 6 3 
x--l 
سنا اها‎ 4a = / Tm ar23) 24 340231.3 s/416.3 3 
* 122 
E Try to solve 
(2) Calculate the following limits: 
% Lim 2-3 b Um Ir 
ces 2x«1 us Pear = 


Finding the limit of a function at cases of unspecified: 
To find Lim fx) where fix) ue using direct substitution 
we get one of the cases of the unspecified ® , The opposite graph 
shows the graphical representation of the function f and we see that 
age fix) = 3 So we search for another equivalent function to the 
C ˙  PMP(— t€ 
non-zero common factors in the numerator and denominator. 
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ü > ANY g(x) forall xeR-(a) 


and if lim g()=1 , then سنا‎ fix)=/ 
X X 


Qi) Example using Factorization 
3. Use factorization to find the following limits: 


a Lim 1. b Lim U-28*1 
21 ا-*‎ šal +x-2 


a We notice that f(x) = =| unspecified at x = 1 


x-l 
Factorize and canceling the non zero common factors then f(x) 
can be written at the form. 
W DB. 1 = gx) 
then f(x) = g(x) for all x * 1 


Lim 7-1 =3 1 
Xal x- 
Long division method 


b We see that the numerator function fx) = 0 when x= 1, 
also the denominator function g(x) = 0 when x= | 
„G- 1) is a common factor of the numerator and denominator. 
he numerator is difficult to be factorized into factors containing divident by the 


(x = 1), So we use the long division to find the other factor ofthe “irst term of the 
expression x? - 2x? + | as follow: Mere — 
2 * as +1 e me 
211 subtract the 
0 - x +l result from the 
divident to get the 
~ +x 1 
0 - x«l 4) Repeat the 
1 steps 2, 3 until 
LIT you finish the 
zero division. 
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We can use a simple method to perform the division process called synthetic 
division: 
In this method we use the cofficients of the polynomials: 


sten; write coefficients of dividend aranged عب عويب‎ t 2 © Litas 
descendinly and let the divisor ع‎ zero to find 
value of x : 


1 1 
sten. eve cofen and mui من‎ fist لل‎ ١ [Au 0 
coeffient by the value of x and write the result 


down the 2™ coeffient then add. 2G. 


$tep.3; repeat the multiplication and addition 1 i uw a 
operations, you will find the cofficant of the T 
quoients 1,- 1, -1 

Le, the quoient 17 -x - | 

. - .I1m(x-Do' -x-1) 


S Lim G-. Lim 224 
l 0-DG«2 امي‎ 2 3 


E Try to solve 
GD Find: 
اه‎ Lim 2+8 B um 21-3. 
^ 2 RFE — 44 822-82-3 
€ Lim برك - تر - تبر‎ + 6 d Lim تر‎ - 10-3 
2-2 x-2 X--3 ير‎ + 2-3 


@) Example Using the conjugate 


(4) Find the following limits: 
a Lim LL I. b Li SERM 
x4 x-4 - Mor» x*4-3 
© Solution 
4z-5 -1 


a notice that: f(x) = Î unspecified at x = 4 


So we should eleminate the factor (x — 4) from both of numerator and denominator. 


5 . Ii. 3-3 +1 . x-3-1 
lm ILLI Lim 2 
au a XT aa 0 4I oD 


Lim EN — 
4م"‎ K 43-3 OD 


1 1 
Li CT 
ae x-3 +1 x. 
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D Li x. Sx Li x? -Sx x +4 +3 
5 +4 - 3 ge Jx*4 -3 LEY. 


x5 
xx - 5) (x +4 + 3( = Lin xix - 50 x4 +3) 


Li 
89 x*4-9 x5 ix - 5) 
= Lim x/x«4 + 3( ص‎ 5 )3 + 3( 30 
Nu 
E Try to soive 
Find the following limits: 
a Lim y x- -2 b Lim 171 
x5 x-5 [D i+ -2 


If the function fat the form f(x) = -— 9". then Lim XÊ = n an! 
x-a x.a *-à 


T 
D 


Ask for your teacher's help to search on the Internet for methods to proof theorem (4). 


O) example Finding the limit of a function at a point using theorem (4) 


© Solution 
مك ونا‎ = 4)3( = 108 
Zal 
Corollaries on theorem (4): 
1- lim UU 2- lim ۳ے‎ 
x0 * Xa * m 
@) Example 
6) Find 
a Lim G b Lim 52 
x0 x x42 9-4 
c Um A4 +32 d Lim Vs -32 
2 x-2 x16 Yo -64 
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© Solution 


(a Lim &*5*-5,.4.52500 
x40 x 
p Lm 2 5 
لها‎ 2 1 27 2 22 
(8) Lim PED e im 0-55: CX 
„ * 2 x42. (-4)-(-2) e) wie q 
z5(-2)! 0 
Um 2 = Lim ER 16 1612 توي‎ 24 
` x16 43-65 x16 x2 - )16( x Mem 
4 
= چ‎ «cel hie- 16! = 64 
E try to solve 
GD Find: 
e Lim 25-625 © Lim 427-128 e! um Yx*25-2 
2473 1216 2 16 xa? x-7 
Creative thinking; 
If Lim =, What is the value of: n , / 
3-2 x-2 
e Exercises 3-2 e 
Complete: 
Lim Gr) lin £34 Lim 2-4 = 
© x22 Qu x+1 «x0 * 
© Lim E ld 0 Lim EX. Lim ¥ -VI 
12 x-2 X-a x-a x~2 x-2 
* 1 
x Li احبر‎ 2 
as € AER 
Choose the correct answer from those given: 
x: -1 equals: 
© ber x«l 
a3 b.2 €3 d has no limit 
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has no limit 


has no limit 


has no limit 


has no limit 


® lim (x.Sinx) 


3خ 


E 2 


Xal 


1 


9-x 

x -81 

x*4x -12 
x-9 

24 S-x) 

x x-1 

12-9 

15 - 22 + 212 - تبر 

Vx -١ 

x-l 

¥x -3 

3-81 


x RI 


0 
ï |= 


€ 15 


Lim لتك‎ uals: 
9 2-2 2 * 


2 3 b zero 


Find each of the following limits (if exist): 


x41 
x-3 


171 


[ +ثير 


5 +6 + تبر 
2-3-4 


x+2 
x* - 16 


4 + بعر - تيك - تبر 


28 - 7: - 4 


x *-(16)? 
x-2 
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® Lim (*-3x+2) 47 Lim 
x23 x--2 
69 Lim Gez Ò Lim 
Xan x Xal 
: xt - 7x 4 10 : 
E Lim 
* x2 ** ® X-I 
t4 
ER na A Lim 
3 x0 * d 122 
تبر‎ + 3:2 - 12: + 4 : 
E a IE مص‎ Lim 
d X22 Ax ® X4 
Lim 2-22 Lim 
® 3:2 x-2 2 1-42 
34 Lim 1*-3lz $5) Lim 
4-2 x-2 X7 
مطابع أكتوبر‎ 


Lim 128 $a Lim & RE 1 59 Lim +برلاً‎ 25 - 2 


* 122 5-32 x6 x27 x-7 

20 Lim &-35-1 E pe (-2$)7-47— az Lim 31 
x42 x-2 Sih x3 "3+3 

GÒ Lim اه - “لطعت‎ 4% Lim A á$ Lim 4x87 -2 
h-.0 6h Ead SHI x3 2753 
Lim 2 42 Lim 22-2. Lim ule ا‎ 

© x43 Vx+6-3 v xl x*1 « x0 

4$ Lim i 3 Lim x? + برك‎ +4 2x -3 

€ xl FA s? 59 zxa-2 + سر‎ 11 59 u x- T 


$2 Volume. A piece of cardboard in the form of a square of side length 24 cm is used to make 
à box without a lid by cutting four squares each of side length x cm around the four corners 


1) Draw the figure of the cardboard. 
2) Prove that the volume of the box is given by V = x(24 . 2 x)? 


Find the volume of the box when x = 4 by studying the values of the function when x + 4 
using the following table : 


25 : 
4) Use one of the graph programs to graph the function and verify the maximum value of the 
volume at x = 4 


4.1 4.5 


m 


d 


E 


— — -— — — ——— 


AE 


Creative thinking; 
$3 if um -5 =| find: lim f(x) 
2-2 x-2 X2 
$4 1f lim AO 25 find : 
x0 e 
A lim f(x) B lim D 
x0 x0 


$5) Trade; A company found that if it spends x L.E for advertising one of its production, its 
profit is given by the function f(x) =0.2 x? + 40 x + 150. Find the profit of the company when 
its expenditure approaches to IO0L.E. 
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Himittokthe Unit (3) 
Function atiInfinity, 


In many life applications, we need to know the behavior of a function 
when بلعم‎ œ the next activity illustrate that. 


Use one of the graph programs to 


represent the function f where : 
fu) E. <0 


What do you notice from the graph 
when x — œ? 


From the graph we notice that: 
> When x increase and approaches to œ then fix)approaches 
to certain number. 
Complete the table to find the number that /(x) approaches to fx) + Limit of a function at 


= [m — (19 [1000 [10000 [100000 [ro | | 7 
s jor jm | | | [et 


Limit of a Function at Infinity 
From the previous activity we find that when x approaches to 


Infinity, the values of fix) approaches to zero. 


p lim — = where ne N.. ais constant 3 
X--- x 


Some basic rules : 
> lim czc where c constant. 


Xm 


> If n isa positive integer then im 


to 

Notice that: theorem (2) which studied before which relating to limit of 

the sum, difference product and quotient of two functions when x + a is 

correct when x + œ 
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x"zo 


(a) Lim (+3) b Lim (4-3) 


X-*‏ 3 صمي 


> Then check your results using one of the graph programs. 


© Solution 
a Lim (CL s 3) zm Lim Ais Lim 3 


Ese. x. X x.» 
204323 


S Lim (L.) =3 
Xx x 


b Lim 6 D- Um 4. Lim Ã 


X [T Xat 2 
=4-3 2 1 2432024 


. Lim (4-2)=4 


Xm" 


E Try to solve 
1 Find: 
% Lim ( +2 b Lim c) 
X-* x Xe 
C^. Example 
(2) Find: Lim (4x-x +5) 
1.» 
© Solution 
Lim )م‎ 4-143) 
X-- 


= Lim y*« Lim 4 ركه‎ 
E 


Xo.» X» 


= وه‎ x-.] = 
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E Try to solve 


C2) Find each of the following limits: 
a Lim (x3 + 7:2 42) b Lim (4-3x-.9) 
a= Xe 
@) Example 
(3) Find each of the following limits: 
a Lim Mi b Li A c Lim AL 
© Solution 


Divide each of the denominator and numerator by x? (the greatest power of x in the denominator). 
fo 


Lim (23. 
a Lim 2x -3 — 2 dir, MB. ooi > = S-00 
xX.» ar +l Lim B+- 3+0 
X -n 
Lim 2 
b Lim 2-3 = XX.» fo 
X 3d +i Lim + 
X 
= 2-044 
3+0 3 
Lim ar- 


xX.» ax +l Lim G++) 
Xa ® 

= — 

3+0 


From the previous example, we can conclude that when finding 
lim -10 where fx). g(x) are polynomials then : 


X -n 


> The limit equals a non-zero real number if the numerator and the denominator have 
the same degree. 
> The limit equals zero if the numerator's degree is smaller than the denominator's degree. 


> The limit gives + » if the numerator's degree is greater than the denominator's degree. 


E Try to solve 
O Fin 
a سن‎ 8-39! b lim کے‎ c um A 
I." 2x X_n Re + 3 X-- *x-2 
مطابع أكتوبر‎ Student book - first term 1 1 9 
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a lim تبر‎ 2 
» tae ixP +1 


59 ج ر‎ oo 


'" x 2 0 then UA 
2 li تير‎ - 2 
ميد‎ wel 


Dividing both numerator and denominator by x 
lim (125 
— 


X 
«oda CAET) e Ed) 
1 "ud +4 ) 
s ia IP. k 4 
عه إن‎ PFEF m rv ei eed 
m NE — m 
X» 7 ea 


v xl 


4 x> 0— Je اما=‎ =+ 
Dividing both numerator and denominator by x = 2 
lim -+ 


„ lim — ˙ A ²—vLĩͤ 
Xam Xy "Fr! - (l+ Le) 1+1 


E Try to solve 
(4) Find the following limits : 
© lim —t—3 b dim (FF Y 
x. ¥ 40425 X-* 5 
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Qj lim (3..2)2 

29 ر2 

4) lim (30 
X-* 

O li x -5 z 

v bel x«l 

fg, lim عد‎ = 

© *. == 

عض- [+ت/ ) lim‏ @4 
1 


48 um 


* 


GD lim دت‎ 


X» 


e —— ® 


Complete the following : 
@ Um (1+ 3)= 
X -m x 
G) lim (-7)= 
X-.* 
S lim 2x*! 
ae x 
^ lim +3 
2 X-- x^-5 5 
(9 lim )3- 7 + (= 
Xam x x 


Choose the correct answer from those given: 


GD lim (x3 + 5x? +1) 


42 


eed 


Student book - first term 
TTT 


Xx.» 


GÒ lim 


Tox 


bie 


6x 
Ep 
b 
{2 +1 equals 
b 
x+3 
E" equals 
b 
xta] 
Erro 
b 
+x 
(aa ° 
b 


41 lim 


ع إل 


8 0 


2x-1 22 نا‎ 28-1 

© u "rre * = Iipr- 69 ذعة „ هنا‎ Sr] 

Li 2-6 Lim * — 
e aa SP oie mem 

Lim (54 کے‎ Lim 4 
d 3 er k os ) 9 Xem "FS 59 -n ( 2x -1P 
3 Lim (i 2+1 290 32 Lim ( tart? و-‎ 524+ +3 ( 

X» Xom 

Lim "grum. Lim A1 Lim — 
9 xa” مساك‎ » $è عه كر‎ * 59 xax V¥x649 


+23- 
$Ò Lim 34 77 


X-a 


$7 If Lim (v جو‎ 3+ 3 56+ 5 -2x)=3 find the value of each of a, b. 


x= 
Lim AX +3? +5 Ò Lim e 
59 roe NT 177 1 59 — * xd 


40) Creative thinking.: One of the companies produces greeting cards with initial cost of 
5000 L.E. and extra cost of a half pound for every single card. If the total cost is given by 


C = } x + 5000 where x is the number of produced cards. 
Find : 
CT) The cost of the card when the production is: 

a 10000 card b 100000 card 


a The cost of the card when the company produces an infinite number of cards. 
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Limits of Trigonometrie 


eee, 

If f is a function where f(x) = An and the required is to study 
the values of the function f when x + 0 (x is the measure of the 
angle in radians). 

Make a table to study the behavior of the function f(x) = A 
when x approaches to zero using radians 5 
MENU ON وو‎ 
sin 

Ht osas oss| — | + | - | — pons osus 


From the previous table deduce Lim 5x 
x40 x 

E 

team 


i If x is the measure of an angle in radian then : 


2 lim SMX 2] lim "nx = | 
x0 x x0 x 


= Sinx 
22 


If is the measure of the angle in degree measure, can we find 


Lim sinx Explain your answer. CEO 


x40 K* 3 
one proof vou can 
Corollary l; check that using the 
Lim Snax =a, Lim hat og — 
x0 * 10 4 stackexchange.com/ 
question/75130 
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(9) ه‎ Lim .in3143 b Um 5"n2r.] Lim LET 


x0 x x0 7x 7 x0 x 
€ Lim .5n5xco2x . Lim SIMS Um Cos 2125215 
x0 * x0 * x40 
E Try to solve 


— x40 3 x0 Sx x^l lex 
D) Lim 1 - cosx m 200 
x40 * 


O) Example 
(2) Find: 
a Lim 12 b Lim 1 - عنم‎ 
x0 tan x x0 
© Solution 
(a! Lim I-. tim 1-00 ,. x 
x40 "nx x0 x tan x 
ع‎ Lim Jom y X 0×0 
x0 * tan x 
b Lim 1-cosr , | cour 
: x0 ** 1 + cosx Remember 
Lim 1 - cos?x Li sin?x 
2 x0 (T+ cost) 2 (I + cost) sim)x + cox = l 
Lim nw , Li 1 3 
9 x40 x 1 ver 1 + cosr N 1+1 8 
E try to solve 
(2) Find the following limits: 
a Lim 6 ese 2x cot x (8) Lim 1 - 5ه‎ 
x40 x40 sin 2x 
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D Example 


(3) Find the following limits : 
a dim . dn b um *txeosx 
x0 2x x40 Un r K 
© ii sin (1 - cos x) d lim Sin 3x 
x0 1 - cos x x40 5 


b Lim **xcosx 
x40  sinxcosx 


dividing both of numerator and denominator 


" 1+ cos x 
by x = Lim j 
xÜ cos x 
x 


Lim (1+ cos x) 
x0 


= . 
Lim me 


* cos x 
xÜ 


1*1.2 


ESET _ 
1 x cos 0 1 


c Lim .SimI-cosx) 


x0 1 - cos x 


let | cos x = 
when x O then y — 0 


Lim = b a 1 
y=0 y 


Sm Ae 


x 1 -cosx 


E try to solve 
(3 Find the following limits : 


a lim _sin3x_ b lim ipie) 
x20 SAA x40 x-2 


e lim Line x d lim xsin2r+sin? 2x 
x40 3 x=l tan? A 
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e Exercises 3 - 4 e 


Complete: 
0 Lim cos3xz -— D Lim sin 2 2خ‎ — 
Lim tan x Lim .5n7x ع‎ 
® x0 © x0 x 
Lim tan 22 = — 3 in O Rie 
© x40 E € x5 3(x-5) 5 
® Lim In Z b (8) Lim sim? x = 1 
x0 2x x0 
I Lim 3+ 2 — 10 Lim l = cos x =. — — 
x40 cos 4x x0 3x 
Lim 2 2. — 59 Lim Ir cc z 
D x0 Tan 3x ® x0 
Lim _Sin? 2 Li sin? x tan 3x 
$$ x40 32 s és 3 4¹ - 
Choose the correct answer from those given: 
69 tm Ma 3 
x0 x 
مه‎ bl @1 d3 
10 lim tan 4x = gAs =e 
x0 5x 
a 5 e 13 
aop b 3 € | d 4 
Q tm Salma 
x0 Sx 
ai DE DI 42 
x0 xsin3x 
4 bi 2 då 
a$ b i € a$ 
49 lim sin x - 
x0 sin j x 
H b 3 4 2 
«s * t 9/3 94 
m m. — where x in degree measure 
x40 x 
-* OE S ‘e 180 a 
al b 180 9 LEE: 
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lim l- cos x 
x0 * 

lim cos x tan x 
x0 x 

lim anx 

x0 x 

lim _cosx-1 
x0 sin x 

lim Len 


x40 snr-cosx 
lim . in 
x0 x 

lim tan A sin? 5x 
x40 * 

um 2x! + sin3x 
x40 — 293 nn 6 K 


lim I. cosy + sinx 
x40 I cos in 


2 © © © © © 8 ® © 


lim xtn2x 

x40 د‎ 

lim .2:€053x-cos4x 
x40 x 

lim !-c953x 

x40 cos? 5 x -1 


B م‎ 
x40 cos (5 - x) 


® ® ® 


® 


Student book - first term 1 27 
a n aaa 


AD 

ve 
F 
5 
M 
E 
^ 


li x cos ( -< +١ 
© n m 

lim (14cosx) E 
9 x^ * 
„ lim _Sin e 
2 x0 235 


lim _ 28° +xsin Sr 
x0 ı2 - tan 3. 


lim 1an2x +5 sin 3x 


lim IS 


© ® ® © © 


x0 cos? 2r- | 
lim ‘tan3x?4sin?5x 
x0 ** 
um Sin (sin x) 

% lim x(csc2x-cot3x) 
x20 

مطابع أكتوبر 


Figure )1( : 
Represents the graph of the function f, such that: 
x-1 If x >2 
wom {sy 1 < 2 520 


» Discuss the existence of - f0) 
X- 
> Discuss the existence of - . fto 
X 


is lim, Fs lim f)? 
X2 122 


Figure (2) : 

Represents the graph of the function g, Such that : 
2 If x > 0 

10 If > 0 


> Discuss the existence of lim, g(x) 
x0 

> Discuss the existence of lim g(x) 
x40 


is lim, gx) = lim g(x)? 
x0 x0 


gj Learn imitofafunction 


The right limit and the left limit 
The limit of the function f when x tends to a equals / iff the right limit 
and the left limit when x tends to a are equal and each of them equals / 
where ISR 

lim fo) s liff: f(a) =f (a) =! 


xa 
where 
fia )= lim ضكر‎ 
Xn 


f(a)= lim fix) 


X 
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+ Right limit 
+ Left limit 


—— — . 


Illustrating examples 
From the figure (1) we notice that: 
AD =3 f1)s-4 
“. OLIO, 
Te function has no limit when x — 1 
d In the figure (2) we notice that: 
f-1)23 f-1) 23 
— fl) =f-1"')=3 
^ Lim flx)=3 
Kael 
EJ Try to solve 
CI) Study the graphs of the given functions then find: 
fao 


a fl) a f(0) 

b fü b f(0*) 

€ Lim f(x) e Lim f(x) 
Xl Xx-0 


x ld -1 Ifx <0 


(1) Find the limit of the function f when x — 0 where flx) = | |, oa 
— x> 
* 


© Solution 

Redeſine the function, then 

fos N- -I If x<0 = -33-] forall x<0 
-I forall x>0 


2-2 If 0<ع‎ 
„oh- Lim fixy= Lim Ga- e 
x0 x0 


Lim 1-1 O) =f (0°) = -1 ^ Dm foja-‏ ع زمر 


x0 x0 
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B try to solve 
ا سيكت‎ x*3 


2 x=3 
find lim fx) (if possible) 
3:3 
C^, Example 
2 Discuss the existence of the limit of the function f when x + 0 such that : 
sa esis Ifx <0 
i+ x > 
قعص‎ If x >0 
© Solution 
AO) = m دور‎ lim ةك‎ = lim X(x*2) 
x20 x0 x 
= pa (x+2)=2 
fO)= lim 2282. tim * „„ 
x0 3x - sin2x x0 3x sin2x 2-0 3. 
a ttl 22 xdi: á 
3-2 
y f(0)2f(0) 22 A M" 0-2 
X 
E try to solve 
(3) Discuss the existence of the limit of the function f when x —— Zt where 
f= If x «X 
cos x If x^ 
D Exampte 
(3) Discuss the existence of the limit of the function f when x — 1 where: fix) = xT 
© Solution 
- f(x) is defined for all x- 120 
.. The domain of f(x) is [1 + | — — 
yo f= im, I “= /x-1 =0 
X= X 


f (1) is undefined because f (x) is not defined at the left of 1 
.:. f (x) has no limit to x — 1 


B Try to solve 
(4) Discuss the existence of the limit of the function f when x — 3 where f(x) = ¥ TF 
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(2) In the opposite graph : f» 
A lim زيار‎ > 
x3 
B lim fis 
bs 
3 , 2 3 BE 
4,3, In the opposite graph 
A um f(x)z 
122 
B lim زيار‎ > 


x0 

c lim fis 
1-1 

D lim f= 
X4 

E lim fios 
x4 

(4) The function fis defined on R such that f(x) = f 2 Ifx20 

2-x If x > 0 


A lim زيار‎ = B lim, fos 
x0 x0 


GD The function f is defined on R such that f(x) = f 3 Ifx 50 
3x If x 50 


A lim fo) > B lim fo) z 
x 40* x0 
© The function f is defined on R such that f(x) = [ x Ifx <0 
dis If x > 0 
x 
A lim fO= B lim د زر‎ 
x0 x0 
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Discuss the existence of limit of each of the following functions 


G) um fix) where fix) = [2x when x < 2 
x42 m when x » 2 
(8) lim fox) where fix) = [ x? +1 when x < -3 
×3 3x41 when x 2 -3 
„ lim ماكر‎ where fix) [322 when x « 0 
x0 3++ 1 when x > 0 
GÒ lim fix) where HN) (2x1 when x < -1 
— -l when x > -1 
ii If the function f where 
[er when x < 1 
6r-3m when x > 1 has a limit at x= 1 . find the value of m 


42 Discuss the existence of lim f(x) when x ——* where 


2sin x 
= m.a ben a g 


l+cosx when x > T 


Sx +k when x > 2 


44) If the function f Where, fx) = ] +k Ifx<-1 
x*4 x> -1 


43 If »" ا‎ Org when x < 2 find the values of m, k 
X — 


has a limit at x = -1. find the value of k 
is Discuss the existence of lim f(x) when x — 0 where , 
f= Sx + tan? x when x <0 
6 x Sin x 


cos x when x < 0 
nnn when - Æ <x<0 
x 
3 cos x when 0 «x > £ 
Var:— كد‎ iat C atx—0 


az Discuss the existence of vi fx) where f (x) = 5 
X 
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Look at the following graphs and write your notes? — 
Y Y Continuity of a function 


- | ifx > ١ 0= جف‎ 

“Materiais E‏ وام 
Fig (3) Fig (4) * Scientific calculator,‏ 

In fig. (1) , (2), the curves are continuous and unbroken at any point. * Graph programs 


In fig (3), the curve of the function is discontinuous ali « 
In fig (4) the curve of the function is discontinuous at “ 


from the previous we can conclude that the function f is continuous 
at x =a if the curve of the function is unbroken at this point and the 
function is discontinuous at x = a if its curve is broken at this point 
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Look at the previous graphs then find "> Six) (1)ثر,‎ if exist. 
re 

In fig (1): un, fol, - fix) =3 then v fx) doesn't exist, زاكر‎ > 1 

X Ns X 
In fig (2) : a fos I. a (x) =-1 then cor fix) 2-1, f(1) is undefined. 

it~ Xo X 
Infig(3): lim, fixy=2, lim (x)=2then lim Nu = 2. A= 

xl 421 xl 

then چ‎ NH.) 
X 


The function fin each of the previous figures is discontinuous at x = | 
Try to put a definition of continuity of a function at a point. 


The function f is said to be continuous at x = a if the following conditions satisfied: 
> lim fix) exist > fla) defined > lim fix)=f(a) 


Xa X-a 


Q Example Discussing the continuity of a function 
O Discus the continuity of the funcion where) = [ * : 
x 

a ar-0 b atx 


Discuss the continuity at x = 0 
Lim fix)= Lim x=zero, 
x0 


x0 
N00 O ie ay fix») = f0) 
llo, nien E 0 
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b Discuss the continuity at x = 1 
Notice that the rule of the function at the right of the point x = | differ from it's rule at 
the left of this point so we discuss the existence of right limit and left limit at x =] 
fi )s Lim (x«1)22,f1)s Lim x=1 
X1 


X1 


Le: fil") An and this Condition is enough to discontinuity of the function f at 


x = | and the graph illustrates the discontinuity of the function f at x = 1 


E Try to solve 
4-1 if x1 


CT) Discuss the continuity of the function f where f(x) = atx =| 
2+2 if x>1 


© — Check the continuity of the function at a point 
(2) Discuss the continuity of each of the following functions at the indicated points infront of 
each: 


a fx) = 313 2.3 b NY = S-U -N atx23 


© Solution 
a First: Discuss the continuity of the function at x 2 
Since the function domain =R - {2} .". f(x) is undefined at x = 2 
.". fix) is discontinuous at x = 2 
Second: Discuss the continuity of the function at x = 3 


2 3+3 اليه‎ ug. 243 
“P= sy = co ae و‎ > 
^ Lim fix) =f3) ) continuous at x = 3 
X3 
8-x atx23 


b By redifining the function f(x) = | 
x+2 atx > 3 


:.:13( > 5 , —76 )= a, (8-x)=5 . {B)= - (x+2)=5 
X X — 


+, Lim fy)=5 er H) = Lim مم‎ 
49 1.53 


„ fx) is continuous at x = 3 


E Try to solve 
(2) Discuss the continuity of the following functions at indicated points: 
a * = 28 atx21,x22 b fix)=3-le-atx=2 
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Redefinition of a function to be continuous at a point (if possible) 


C7, Example 
(3) Redefine (if possible) each of the following function to be continuous at x =| 
2 + 2-3 PS »342x,x»1 
a aC E b = 
48 x-1 xd ege 


© Solution 
a In order to the function / to be continuous at x = | then r fo) =f) 
X 


[C * 1 x~l 
Le: — fo0z4 
be 
Therefore, we can redefine the function f to be continuous as: 
* + 2-3 
EN dis 
4 a x=] 


b In order to the function f to be continuous at x = 1, then f(1) = - fo) 
X 
of") = "a (à*209021«2*123,f(1)7 - (5x-1)25-124 
* — X 


°. fCC) # f(1) therefore, the function has no limit at + 1 
and we can't redefine the function to be continuous at x = | 


E Try to solve 
(3) Redefine (if possible) the following function to be continuous at x = 3 where fix) f. 
(4) Show that fx) = ا شعت‎ is discontinuous at x = 3 


B+ lS at x*3 
Then fid the vale of h that makes f) | x-3 continuous at x = 3 
hl a x=3 


Continuity of a function on an Interval 

The opposite graph represents the curve of the function f where 
fx) = 4 - on the interval [-3, 3]. the function f is said to be 
continuous on [-3, 3] , if it is continuous at all the points of the 
interval [ - 3 ; 3]. 

ie: Lim AY Aa) forall ae }-3, 3| 


Xa 


Lim fx) =f(-3) Lim fix) = 3) 
ko 3غ‎ 
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From the previous we can conclude the following definition: 


If Ax) is defined on [a, b] , and 

1- fix) is continuous on Ja, bf 

2- lim fixy=fla) , lim N fb) 

X طابر‎ 

then f is continuous on [a, b] 
Depending on the above definition and the limits of the functions, we can declare some of 
the continuous functions 
1sPolynomial function; continuous on R or on its domain. 
2; Rational function; continuous on R except set of zeros of the denominator. 


3. Sine and cosine function; continuous on R. 
4-TIangent function; f(x) = tan x continuous on R (xix eur), neZ 
Q5 Example 


sinx-cosx When OSK € T 


Discuss the continuity of the function fon [ O. ]ع‎ where f(x) = | 
cos 2x when x > 7 


© Solution 
Sin x - Cos x Cos 2x 
d * 
fx) is defined on the interval [0, =| 
To discuss the continuity of the function we will discuss the continuity on its subintervals, 
also discuss the continuity at the point at which the function changes its rule, also at the right 


of zero. 
1) fix) = sin x - cos x is continuous on [0, I 
also f(x) z cos 2x is continuous on [7], «| 
2) f0)2sin0-cos0s-1, Lim (sinx-cosx)s-l 


x-0 


ie: fü) z Lim f(x) the function is continuous from the right at x = 0 
x40 
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3) We discuss the continuity x = m 


AA) = sind cos = | 
Km )s Lim (sin x- c * IN Um cos 2x = 1 
XT XJ 
Az )sf ^). fun > ١ Am JRR sun 
«fis continuous at x = 7 from (1) , (2) , the function is continuous on [0 , >| 
E try to soive 
(5) Discuss the continuity of each of the function on its domain 
1 + Sin x o<x<4 
— | 26 4, «>4 
qe 
(5) Discuss the continuity of the following functions : 
guess 9 fo yd 
© Solution 


a fix) =x - 3x + 2 is a polynomial of second degree, then it is continuous on R 


b fix) = A is fraction function whose domain R - {-4} 


Set of zeroes of denominator = {-4} 

the function is continuous on R ( -4) 
e fo) = Since 

sin x , cos x are continuous on R 


*“ (® - 1) is continuous on R 

The zeroes of the denominator are 1, -1) the function f is continuous on R (-I. 1) 
d = Unx 
r 

the numerator function: tan x is continuous on R - (x: x = T + n 77, n € z} 

the denominator function x? + 1 > 0 for all x, then there is no zeroes of the denominator. 


the function f is continuous on R (Ten. nez) 
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If of, f, are two 
functions each is 
continous on R then 


each of the following 
functions is also 
continous: 


7 Ii on R 

i on R 

$ on R - set of 
zeros of fy 


E Try to solve 
© Discuss the continuity of each of the following functions: 


7 ® fa 


€ N tl d fix) =(x+ 1)cos x 
sin dx 


n 
(27 Connected with chemistry. 
If the reaction rate of a chemical experiment is given by the function 


f where f (x) كك‎ where x is concentration of the solution. 


Search on the internet about chemical experiments can be represented by this function 


a Represent f graphically using a graph program. 
b Discuss the continuity of f. 


qe 


(6) Show that the function f where f(x) = / x?«x «1 is continuous on R 


© Solution 
since x + x + | is positive for all values of x € R 


(The discriminant = b^ - 4 ac = | - 4 = -3 < zero) 


Sum of two squares‏ 4 + ترط =(x+‏ 1 +ع + رين 
+x + Lis positive for all values of x € R‏ „ 
of) = (x1) defined for all values of x € R‏ 
For all a € R we find that (aD‏ 
Lim f(x)e Lim (re ei‏ 
X-a X-a‏ 
“f(a)= Lim f(x)forallae R‏ 
Codi imp DU‏ 
EJ Try to solve‏ 


(8) Discuss the continuity of the function f where f (x) = V x-2 on it's domain. 
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c —— ® 


Discuss the continuity of each of the following functions at the indicated points: 


OLSE x42, x51 irei @ fx») = * 1 5 x&2 22 
3x E ron 2x-1, x»2 
x*4, x<-2 
R M72. ×53 f 24. 
ml atx=3 A= f ١ „ 28x<-1 =-1 
© B-2x-1, 23 € | 5 = 
2x*43,x2-1 
sin (x - 2) 1 - cos x 
| 17 ٠ *>2 atx-2 On| x (320. aso 
ide oid 2snx , x&0 
2 


Discuss the continuity of each of the following functions on R: 


Dur D-‏ بق ت 
1x2‏ = 5 2.2523 
Dio TS $3 Ary = IE‏ ندع Bw‏ 
sin 2 x‏ تدع x + cos? x 43 Ax)‏ د fa) = sin x - 3 cos (x +1) 44 fo)‏ 43 
tan x = sin 22+ cos x  unx‏ = 
hun-! $240.99 (= -=;‏ $6 


Discuss the continuity of each of the following functions on the indicated intervals: 


Bro | * د‎ daii on the interval L. Æ, Æ 


ودع 
on the interval [4 , 6i‏ و ع E‏ ر e‏ 


** .4£x«6 
Find the values of a in each of the following: 


$0 fix) = 515 is continuous on R 
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when‏ 4-81 32خعهد 
B=] x ~ is continuous on R‏ 
a when x =‏ 


Find the values of b, c in each of the following: 


„ i<x< 
$3 fx = T 1-0 is continuous on R 
Xy-bx*c, xeR-]1,.3| 


9ج 0 + بد 
bree. -2&x&1 is continuous on R‏ $602 
3x - 2b 87 vs‏ 


Redefine each of the following functions to be continuous on the indicated point (if 


possible): 

5 271. x22 

Su [ae وى‎ nm 
31+ l -cosx 
— — > >0 

D- | * 5 atx=0 


2 cos x CLAU 


(x - 3)9 (x - 3) 
Daw- | x-3 ٠ x23 


cos (3 - x) * x«3 


atx=3 


20 fix) = — atx=3 


29) Find the value of c which makes the function f is continuous at x = ¢ where: 
2-3 x&c 


x xc 


fuz | 


For more exercises, please visit the website of Ministry of Education. 
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Unit summary 


1) 


a مه‎ + û me — هو‎ 


--.ifa»0 
*.ifaco 


-æ ifa 0 | 
€ »xxüz d دن مه‎ 
* if a < 0 


2) If the value of f approaches to one value / when x — a from right and left 


then Lim f(x) = / and it reads limit of fx) when x approaches to a is I. 
ta 


3) The existence of limit of a function at x —— a doesn't necessaraly mean the function is 
defined at x = a and vise versa, if the function is defined at x = a it doesn't necessary mean 
the existence of limit of the function at x ——* a .. 


4) P» (c, + الع‎ xl +. te) mca c, ao +... + وت‎ 
— 


5) If fx) = g(x) for all x e R - (a) and Lim g(x)z/then Lim fx)z! 
Xx ta 
6) [6 Um fl) L Lim g(x) = M then: 
X8 Xd 
a lim k NU SK. L. where keR b ~ (fx) + زم‎ 2 LEM 
X-a 
€ lim fix). g LN d lim د لمك‎ where M # 0 
xa xa #2) 


' lim (fx)"=L® Were f lim YRD J where YT ER 


X-a X-a 


7) Theorems and corollaries on limits: 


a Lim E = na" ! b Lim cr +۵ ao na’) 
xa 5-3 X 

€ Lim ےگ‎ ( 
x4a Fr om 


B) Limit of a function at infinity: 


(where n e R* , a constant)‏ 0ه Lim tao b Lim‏ ه 
te Lae‏ 

€ Lim c=c, wherec isa constant , If n is a positive integer then Lim xa = co 
X-a 
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9) If fox) and g(x) are two polynomials, to obtain lim i: 
X--5* 


a The limit gives a non-zero real number when the numerator and the denominator have 
the same degree. 


b The limit equals zero when the degree of the numerator < the degree of the denominator. 
€ The limit gives + © if the degree of the numerator > the degree of the denominator. 


10) a lim sin x = sin a. Where ae R. lim cosx=cosawhereaeR 
X-a X-a 
b lim tan x = tan a where as + كه‎ , 5 © 2: 
X-a 
€ If x is measured in redian then: lim SMX زد‎ " lim nx = | 
x x x x 
d Lim cos x21 Lim j-cosx 40 


x40 x0 x 


11) We say that the limit of the function f(x) is L when x tends to a if and only if the right and 
the left limits of the function at x ——* a are equal to L. and we write. 


lim NN LIT f(a') =f (a) = L where: 


X-a 
a fa)- Lim fw), fla)= Lim fix) 
X-a Xa 
12) The function fis said to be continuous at x = a if the following conditions are satisfied: 
& Lim fix) exist b fla) exist € Lim fix)=f(a) 
XC X_C 


13) If f(x) is defined on [ a , b | . then the function f(x) is said to be continuous on | a , b | if: 
a f(x) is continuous on Ja , b| 
b Lim f(x) = fla) € Lim fix)z fib) 


Xa بد‎ 
14) Some continuous functions: 
> Polynomial function is continuous on R or on it's domain. 
» Rational function is continuous on R except denominator zeros set 
Sine and cosine function is continuous on R. 
> tangent function fix) = tan x is continuous on R - { x: x = Æ +n% ,n eZ) 


(CD Enrichment Information 
Please visit the following links. 
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eee E» 


Complete: 
-- G- Xx.) DU 2-3 db 
تير‎ - 2 + Sx -4 = cos . 
oost 
= li .. 
i nn pA WE. 
lim . د‎ um Sim 2 
© x0 2x 2 x0 Sx 
lim 3.345 al. um Jie” 
2 X- 4-3? 29 x40 x 
Find the following limits if exists: 
2 sin 4x 2-1 
— 9 2 ts 
um Ae li p-2j4x-2 
i x43 2-9 * he ر‎ - 2 - × +2 
i m dida 
43 Jim, fu) where fix) = m 
Cot x a 
1 — when x > 
lim ＋ -2x 2 
$e xg J A0 sin (gr - x) when x > Æ 
Discuss the continuity of each of the following functions : 
F when x #2 
42 fy = x-2 
sin ( x) when x = 2 
a atx=2 b onR 
* x-2 when x<0 
49 If fis a function where f(x)= | x2 whenO<x<2 
find 2x when x > 2 
a um fo) b dim f) € um fw 
x0 xl x22 


20) Find the value of a which makes 8 f(x) exist where f (x) = (dl - 3D 
X 7 5 
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Find the following limits : 


um Ar um + 
x. 6-8 2 صبير‎ 25-5 
i 533-2841 : oA 
8 EET mM 9 = E 
lim (FSF - x3) $6 lim (/ -3x -x) 
X35 r.» 
2 Discuss the continuity of each of the following functions at the indicated point: 
a fs 2x 43 when x 5 4 hid 
7416 when x > 4 
Di m whenx>0 10 
m Xm 
عملا‎ when x « 0 
-l when x 44 E when x 44 
S | 1 when x24 z s(x) = -6 when x=4 
discuss the continuity of each of the following functions at X 4 
a fix) b gx) € fix). gtx) 
d ifix) 9 gix)- H f gfx) 
29) Find the values of k which make each of the following functions continuous on R 
7x -2 rel kx x<2 
a دكار‎ = b دار‎ = 
A | K* x»l R Laus x»2 
9 * X2-3 
c fos 
"3 x<-3 


30 Find the values of k, m which make the function f continuous on R where 
+5 when * < 2 
(دار‎ - { m(+1)+K when -1 * < 2 
2680 +x +7 when X < - | 
$1 Discuss the continuity of each of the following functions 
8 fix) = ل‎ on its domain 
A 4 x-2 


b HN) = 4 on 
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I‏ ع 
som‏ — ^ 


kirigonometi 


ry; 


Unit introduction 


Trigonometry is one of mathematics branches . The ancient Egyptians were the first to work with the rules 
of trigonometry , they used it to build their pyramids and temples . Our knowledge to trigonometry refers 
to the Greeks who put the laws of it, and used it to deduce some relations joining the lengths of sides of 
triangle by the measures of its angles . The Arabs and Muslims scientists contributed in the solutions of 
trigonometric equations, and they used the tangents secants and their correspondences to measure the 
angles and distances . They created a way to construct tables of sines for coplanar triangles . we would 
like to point to the Swiss scientist Leonhard Euler (1707 -1783) who introduced anew expression for 
he also used a lot of mathematical symbols which enables in the use of 


advanced mathematical problems studied in schools and universities 


the trigonometric functions 
In this unit we will hand laws and relations the sides of triangle by its angles 
Unit objectives 


By the end of this unit the student should be able to: 
Deduce the sin rule which The of radius 


of solve triangle given Measures 


of two angles , length of one 
side Lengths of two sides, 
measure of included angle 
Lengths of the three sides 
Use the calculator to solve 
exercises , different Activities 
on sine ,cosine rules 

Study the ambiguous case 
as group activity Scientific 
rescarches 


2019-2020 


length 
circumcircle of triangle Use 
it to solve different exercises 
Deduce the cosine rule for 
any triangle 

Use the cosine rule to find 
length of unknown 

Side of triangle 

Use the cosine rule to find to 
find the measure Of unknown 
angle of triangle 

Use the sine , cosine rules to 
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states In any triangle 


lengths of sides 

Are proportional to the sines 
of opposite angles 

Use the sin rule to find lengths 


of sides of triangle 
Use the sin rule to find the 
measures of angles (two 


solutions for unknown angle ) 


Deduce the relation between 
the sin rule, 
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Trigonometry Possitée Sotutions Opposite Ange of à عل‎ 
Sene Musto Unique Sohmon Serallest Angie 

Acute Angle > Shortest Sade Largest Angie 
Obtuse Angie - Longe Sde Comne Rute 
بجوم‎ Angie [ Area of The Triangle 

Î Ambiguous Case mme Lengths of The Sides of the Triangle 

Lessons of the unit Materials 

NS — 
Lesson (4 - 1): The sine rule. Scientific calculator 


Lesson (4 - 2): The cosine rule. 


— 
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Unit Four 


You have learned how to find the length of a side of the right-angled 
triangle given the lengths of the other two sides or the length of one of its 
sides and the measure of one of its acute angles. Now you will learn other 
methods to find the lengths of the sides and the measures of the angles of 
the triangle in general. 


the distance between 
Alfaiyum and Ismailia 
using the data on the given 
map by taking drawing 
scale | cm : 43 km. Be sure 
of your measures after you 
have studied the methods of 
solving of non right angled 
triangles. 

one of these methods is the 
sine rule 


In triangle ABC we use the small 8 : 

letters a, b and c to denote the 

lengths of the sides opposite to £ B 
angles A, B and C respectively. Wood s ere 
triangle to conclude the sine rule which gives the relation between the 
lengths of the sides of a triangle and sines of the opposite angles as follow. 
area of triangle = be sin A = } ac sin B = } a b sin C 

(different forms of the area of the triangle ABC) 
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bc sin A = ac sin B = ab sin C multiplaying by: 


abc abe abe 
An A  sinB  sinC 
777 CO 
b 
TR" جر‎ 22 properties of proportion sin d tds ABC 
Then: In any triangle, the lengths of the sides are proportional =} ab sinc 
to the sines of the opposite angles. This relation is known by =} ae sin B 
b 
the sine rule Le. 7 "BB IP. = } besin a 


Self-learning; Can you prove the sin Rule by other methods? Show that. 
Using the sine Rule to find the length of a side of a triangle 


C7 Example 
(1) Find the length of the longest side in the triangle ABC in which O. 
m (Z A) = 54° 33' , m( B) = 49° 22' , a 124. Sem b ny imo 
© Solution the longest side 
The longest side is opposite to the greatest angle (inequality of triangle) is opposite to the 
m( C) = 180° - [m(/ A) + m(Z B)] biggest angle and 
= 180° - [45° 33' + 49° 22 | = 76" 5' the shortest side 
the longest side is c (opposite to the greatest angle C) b eppuiie te Ge 
smallest angle. 
ES € 3 124.5 5 c 
nA dn c "n4 3F ^ sn76 5 
124.5 sin 76" 5 
Jem 
E try to solve 
(1) Find the length of the shortest side in the triangle ABC in which m ( / A) د‎ 43*, m( B) 65*, 
c=8.4cm 
Solving the triangle using the sine rule 


Solving the triangle is to find its unknown elements using the given measurements, in condition 
that aside length is to be given at least. 


First: Solving the triangle, given the length of one side and the measures of two angles: 


C7. Example 
(2) Solve the triangle ABC in which a = 8cm , m( A) = 36" , m( / B) = 48" 
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m C) = 180° - (36° + 48") = 96° 

sin. sinB 38. „ sings" p : 

4 انفلك ... 3 2 

.. ده‎ Ang ~ 10.114 cm. 
sin 36 


Use the calculator with mode of the degree measurement then press the keys from left to 
right: 
starte COS) =) ODE L3, C6 (e 


„enaA sinC — . sin 36" _ sin96  — ع‎ 8 sin 96" ~ 13. 535cm 
a c 8 c sin 36° 


By using calculator: 
start > O — O „ 
In ^ ABC: b= 10.114 cm ,c = 13.535 cm, 
E Try to solve 
(2) Solve the triangle ABC in which a = Sem. m(Z A) = 60° M B) = 40° 


Second : Solving the triangle, given lengths of two sides and the measure of the 


non-included angle) 

INIT ليسا‎ mA) length of BC in 
Draw triangle ABC ( if possible) according të AC in em 0 دم‎ 
the measures in the opposite table: 


making an angle of measure 30° with AX 
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3 -when BC = 3.5 cm put the nail of the 4 = when BC = 5 cm repeat step (3) by 


compasses at C and with radius 3.5 cm draw making the compasses radius 5 cm draw 
an arc to touch AX at point B. arc cutting AX . What do you notice ? 
€ 
1 


» Measure the length of AB and compare > Measure the length of CB , CB’ 


its length with the length of perpendicular what do you notice? 
segment dropped from C to AX . What do > Compare the length of BC , with the 
you notice? length of perpendicular segment dropped 


from C to AX . What do you notice? 
5- Repeat step (3 ) when BC = 2 cm. Draw an arc with compasses radius 2 cm. does the arc 
intersect AX ? 


> Compare the length of BC and the length of perpendicular segment dropped from C on AX 
What do you notice? 


Paractice 

» Repeat the previous activity when angle C is obtuse, and show the different cases of drawing triangle. 

» From the previous activity, we can deduce the different cases of solution of triangle ABC 
given ZA , a, b, his the shortest distance from C to AB 


no solutions at all 


Student book - first term 1 51‏ مطابع أكتوبر 


@ Example Application 
© icon de ³ ᷣ A lum مقع‎ ٠ 
two or none solution. find all possible solutions if exist. 


Approximate the results to the nearest one decimal place. e 
ه‎ A ABC in which m( B) =110",b = Sem. c= Sem 
b A DEF in which mA D) = 60° ,d = 7cm, e dem PU ^ 
€ A LN in which m L) = 40* ,/ 212cm, m= 15cm 
O Solution 
a h abtuse , b >c 2 ‘ 
—n "WC" me” (sin rule) 
ein C Asin H0... — 0.5873 
“m4 C) = 36" 
^ m(Z A) = 180*- (110° + 36") = 34", 
W E _ 
* sin 34° sia 110° “as no = 4m 1 
Le. then: M A)= 34° MEC 36° a = 4.8 cm | 
= 
b v /Dacute,d<e 9 cm n 
h =e sin D» 9 sin 60 ع‎ 7.8cm | 
d h ( where 7 > 7.8) 7 
no triangle exist 
N 
€ +: / Lacute , | > m ( where 12< 15), : 
15 cm h 2cm 


h = 15 sin 40 = 9.6cm 
"h < ١ m( where 9.6 < 12 < 15) 

/ 
So that there exists two solutions for the triangle LMN . 
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12 cm 


I = 


The sine function is ve in 2™ quadrant, 


sin M= 0.8035 


^, M M) = 180° - 53.46* > 126.54", 


m Z N) = 180° - (40° + 126.54") 

~ 13.46" 

E E 

= sin 40° 

n ~ 12 sin 13.46" 
sin 40° 


= 435 cm 


` sin 13.46" 


N 
15 12 cm 
/ -= 
T A 
sin M sin 40° 
J sin M = 155 sin 40. in M = 0.8035 
^. )نم‎ M) 53.46" 
^ MZ N) ع‎ 180° - (40° + 53.46") 
= 86.54", 
. 
ein 86.54" ~ sin 40° 
nz J2xsin8654 _ 18.63 cm 


sin 86.54" 


Le: one of the solutions is : m( M) = 53.46", m(_/ N) = 86.54", n = 18.63cm 
The other is: m( NI) = 126.54* mM N) = 13.46", n ع‎ 4.35cm 


E] try to soive 


a For each triangle, show whether there are one, two or no solution . Find possible solutions 


to one decimal place . 


a AABC in which m(/ A) = 100° , a = 12 cm , b= 15cm 
b A DEF in which ME = 35° ,e = em, f = 5cm 
€ AMNL in which m M) = 527, mz21 cm, n = 26 cm 


Zp nm 


(4) Geography; The opposite figure shows the positions of three Egyptian towns that form 
a triangle. If the distance between Cairo and Suez on the map is 8 cm, the measure of the 
angle at Alfaiyum is 40° and that at Suez is 30°. If the drawing scale is 1cm:16.75 km. 


A B 


ALfaiyum 


153 
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Calculate to the nearest Km. 


8 The distance between Cairo and Alfaiyum. 
b The distanc between Suez and Alfaiyum. 


© Solution 
MA) = 180° - (30° + 40°) = 110° 
EET - 5 ع8‎ * 8 
Ein 30° sin 110° sin 40° 


* =. 8xsin30 
“AC sin 40° = 6.22cm 
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the distance between Cairo and Alfaiyum ~ 6.22 «16.75 = 104 km 
Bc = فللسقعة‎ 


T - s 11.70m 
^. the distance between Suez and Alfaiyum = 11.7 «16.75 = 196 km 
E Try to solve 
(4) In activity page (154): 
a Using the Geometrical sets to find the measures of the angles of the triangle and the 
distance between Alfaiyum and Alex. 
b Using the sine rule find the real distance between: 
Ist: Ismalia and Alfaiyum. 2nd: Ismalia and Alex. 


Geometrical Applications on the Sine Rule 


In any triangle ABC: Ê = e بع‎ 27 
where r is the length of the radius of the circumcircle of triangle ABC 


Proof ;- 
If the circle passes through the vertices of an acute angled triangle 
Draw the circumcircle of the acute angled triangle ABC 


^ 
and draw the diameter BX and the chord XA 
* mCZ BA X) = 90* , mMZAXB) = mZ ACB) 
x 
an X= A , sinc= AB 5 Ds N. 


BX BX 
AB = BX sin C 
c =2r sin C ع‎ z2r 
Similarly, we can prove that: Ê = 2r 8 Zu = 


— — £ 
sin A sinB sin C 


dell learning: Prove the previous law if the circle passes through vertices of on obtuse angled triangle. 
@> Example 
(5) triangle LMN in which , m = 68.4cm , m M) = 100* , m N) = 40" find: 
a1 b The length of the radius of circumcircle of the triangle LMN 
»ع‎ The surface area of the triangle LMN 
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© Solution 
m م‎ L) = 180° - (100° + 40") = 40" 


1 68.4 

sin 40° An 100° 2 

68.4 55 
l = a sin 40° = 44.64cm required (1) 
ix = . 68A 
"ARM z2r ^ a 100 z2r 
Le. ra ےگ‎ 3472cm required (2) 

2sin 100° ^ ` 
S.A of triangle LMN = J m / sin N = ل‎ x 68.4 x 44.64 sin 40° = 981.1 cm? 
E Try to solve 


O ABC is a triangle in which a = 25cm , m( B) = 35° 18', 
m C) = 103* 42' Find its area and the length of the radius of its circumcircle 


D Example 


)6( ABCD is a trapezium in which AD / BC , AD = 74cm , M B) = 62* , m(/ D) = 106", 
m ACB) = 41*. find 


Ist: the length of each AC, BC 2nd: The surface area of the trapezium ABCD. 
© Solution 

In the triangle ACD 7.4 cm 

«+ mLZ DAC) = m(/ ACB) = 41° (alternate) " A 
M ACD) = 180“ - (41* + 106°) = 33° 

AS 1 TA «AC = 24*5in 106° = 13 06cm 

' sinl06' in 33° So sin 33* 5 u 
in triangle ABC M BAC) = 180“ - (62° + 41°) 2 77 

.. BC 13.06 : 13.06 x sin 77* 

u«A— cdm 

AE z sin 41* AE ع‎ 13.06 x sin 41° = 8.568cm 


S. A of trapezium = length of middle base x height. 


= AD + BC , A pa (147341), 8.568 = 92.434em? = 92cm? 
E Try to solve 
(6) ABCD is a quadrilateral in which, CD = 100cm m BCA) = 36", m(/ BDA) = 55", 
m BCD) = 85", m(/ CDA) = 87", Find the length of BD , AC to the nearest cm. 
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Complete each of the following: 

(1) In any triangle, the lengths of the sides are proportional to 

(2) In triangle ABC if 2 sin A = 3 sin B = 4 sin C then a: b: c= 

GD ABC is an equilateral triangle the length of its side is 10/3cm, then the length of the diameter 
of its circumeircle = — — 

(4) ABC is a triangle in which m(/ A) = 60°, O = 40° , c = 8.4cm then a = cm 

G) In triangle ABC, 2% = r 


sin B 
Choose the correct answer:- 
(©) The length of the radius of the circumcircle of triangle ABC in which m(/ A) = 30° , 
a= 10cm is 
A 10cm B 20cm A Scm D 40cm 
GD If the length of the radius of the circumcircle of the triangle ABC is 4cm , M A) = 30" then a = 
A 4cm 8 2cm A 443 cm D Ig em 
lin triangle ABC , the expression 2r sin A equals 
Aa Bb Ac D area of( AABC) 
(9) If r is the length of the radius of the circumcircle of triangle XYZ, then = 
Ar B 2r A lr D 4r 
GÒ Intriangle LMN, m L) s 30", MN = 7em then the length of the diameter of the circumcircle 
of triangle LMN is 
A 7cm B i5cm A 14cm D 14cm 
GD In triangle XYZ, if 3 sin X =4 sin Y =2 sin Z , then x: y: z= d 
A 2:3:4 B 6:4:3 A 3:4:6 D 4:3:6 
42 Solve each of the following triangles: 


a c b € 8 
چ‎ 17cm © ۸ ای‎ 
Jo ES uum So = 
8 E 
* B b A 
43) Show if the triangle ABC in each of the following cases has one, two or none solution. Then 
find the solutions if exist approximated the answers to the nearest one decimal place. 


a MA) = 105",a Sem. b Sem b m(/A)=47", a=4cm, b Gem 
€ m(/ A) = 38°,a = 10cm, b= 14 cm d m(Z A) = 36.87“, a= m, b= lo em 


Pure mathematics - Second form secondary - Scientific 2019-0 


4 Solve the triangle ABC Approximating the results to one decimal place. 
8 m(Z A) = 40", MC B) = 30", b= 10cm b MA) ع‎ SO“, a = 4cm, b= em 
€ m(/ B)=33°,b=7cm,c = 10 cm d MO = 116",c= 12cm, a = lo em 

is Solve the triangle ABC in each of the following: 
a MZA) =32",a= 17cm, b= Ilem b MAN = 49* a = 32cm, b = 38cm 
€ MB) =70°, b= 14cm, ¢ = 14cm d MO = 103", عط‎ 46cm, c = 6lcm 

® ABC is a triangle in which m(Z A) = 60", برام‎ B) = 45", prove that: a: b. C = /6 : 2: /3 + | 

42 ABCD is a parallelogram in which AB = 19.77cm the diagonals AC , BD make with the side 
AB angles of measures 36° 22', 44° 58', Find the lengths of the diagonals. 

4@ ABC is a triangle in which AB = 8.356cm, M A) = 41° 20 , M B) = 59° 17' Find: 
ab b the length of the perpendicular from C to AB 

49) ABCD is a trapezium in which AD // BC, AD = 10.7cm, m(_/ D) = 100°, M B) = 61°19, 
m CAD) = 33° 50 , Find the length of each of AC, BC 

20 ABCD is a quadrilateral in which m BCD) = 85°, m / CDA) = 87", m/ BC A) = 36", 
m BDA) = 55", CD = 1000 meter Find to the nearest meter the length of BD , AC. 

21 ABC is a triangle in which sin C = 0.35 , € = 14cm, find the area of the circumcircle of 
triangle ABC in terms of 7 

22 ABC is a triangle in which a = 58 cm, M B) = 38*, (ZC) = 62" find the length of the 
perpendicular from A to BC 

23. ABC is a triangle in which m( A) = 60", m(/ B) = 45", if a + b = (v6 + 2) cm find each 
of a, b 

24 ABC is a triangle inscribed in a circle of diameter length 20 cm. If m(Z A) = 42", 
m B) = 74* 48. Find the lengths of the sides of the triangle ABC 

25 ABC is a triangle in which c = 19cm, M A) = 112", )م‎ B) = 33*, Find to the nearest 
hundredth the length of each of b and the radius of the circumcircle of the triangle. 

20 Geography; The opposite figure represents the positions of A 
three towns A, B and C Find to the nearest km: 


a Distance between A, C © Distance between B and C 


2D Open problem; ABC is a triangle in which m(Z B) = 58", c 8 
a = 42 cm. Find b which makes triangle ABC has no solution. Explain that. 
28 Creative thinking; 
a i T LIE c 
In triangle ABC prove that: DEA UE "C 
b If A is the S.A of the triangle ABC prove that area of A =a? (8B sin رع‎ 
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Unit Four 


QE) Think and discuss. 


Two ships A , B move at 
the same moment from a 
port. The first in direction 
20° south of east, for 24 km 
while the second moved 
in direction 55° north of 
east for 10 km in the same 
time. Calculate the distance 
between them at the end of 
this time. 

By using the suitable drawing scale to find the length of AB. 

Are you able to use the sine rule to find the length of AB ? 

Can you deduce another rule to find the length of AB in terms of the 
lengths of FA, FB And the measure of the included angle between 
them. explain that. 


The Cosine Rule 

^ BDC is a right angled at D: 

(BC)? = (CD? + (BD) (pythagoras theorem) 

then: 

a? = (b sin A + (c b cos A)? 
= b? sin? A + b? cos? A +c? -2bc cos A 
(Expanding brackets) A — ب‎ 
= b (sin? A+cos?A)+c?-2bccosA — ( b? common factor) 


zb!4c?.2bc cos A ( simplifying) 

Hemembe 
ids 
Pe-e Pythagoras identity 

7 


c 


cos A 


sin? A+ cos?A «1 
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Self learning: prove the previous law if A is obtuse in ^ ABC. 


angled at A? Explain your answer. 


The cosine rule provides that : 
In any triangle ABC: 
p.a 


alzb!.cl.2bccosA , COSA حت‎ 


U sca -2cacsB, cx B -K. 
2ca 


=a +b?-2abcosC co C = Bee 


unc 
ESE 
a using the calculator to find the length of unknown side of triangle by cosine rule 
One of the engineers tried to find the distance between two positions not easy to reach them by 
using the measuring distances set . He found that his distance from the first point A was 160 m, 
and from the second C was 220m , ث )نم‎ BAC) = 54°. using these data. Find the distance 
between the two points to the nearest km. 
1 - Determine accurately the data collected by the engineer. 
2 - Determine the required. 
3 - Represent these data by suitable drawing scale 
using geometrical sets . 
4 - Measure BC in cm. 
5 - Find the real distance between B, C in km. 
6 - Can you use the cosine rule to calculate 
the distance between B , C? Show that. 
7 - Compare between the result you got BC 
using the geometrical measures, and the cosine rule. Real length = 
From the previous activity: en 
1 -The drawing scale is lem to 20 km 
2 - By measuring: The length of BC = 9 cm in drawing. 
3 - The real length of BC = 9 x 20 = 180 km 
4 - Using the cosine rule: a? = b? + c? - 2be cos A 
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Then Then a = (160)? + (2209 - 2 x 160 x 220 cos 54* - 9 
Then a = 180.6 km. 

5 - The results will be more accurate when the drawing is accurate. We prefere to use laws to 
give true results. 

6 - Using a calculator to find the result: 


Application.on.activity; Find the length of the third side ( to the nearest lz ) 
in A ABC in which: 


cm, m ( C) = 101°‏ 3.84 عط , ون 436 عو ها 
A) = 60*‏ ث m(‏ ,ون كح ع cm.‏ 2 عط b‏ 


Finding the measure of an angle of a triangle given the lengths of the 
three sides : 
O) Example 
(1) Find the measure of the greatest angle of the triangle ABC in which a = 4.6 , b= 3.2 , = 2.8 
© Solution 

* The greatest angle is opposite to the longest side 

A is the greatest angle 

E — a? _ (3.27 + (2.87 - )4.6( 


2x32x2.8 
EEE. 
start 


t 
(33) (X*) C« ) (24) (X C- ) (46) G8) Ce) C2 CO) G2) G9) 30 Ox (80 0330998 
(em) CC) 


The cosine is negative , then Z A is an obtuse angle 
^ m (Z A) s 99' 53! 49" 

E Try to solve 

CT) Find the measure of the greatest angle of the triangle ABC in which a = 11 cm, b= 10 em, 


c=8cm 
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* 
Using the cosine rule for solving the triangle: 
The cosine rule allows us to solve the triangle given the lengths of two sides and the measure of 
the included angle. 


First: Solving the Triangle Given the Lengths of Two Sides and the Measure of the 


C 


Q exo 
(2) Solve the triangle ABC in which a = 11cm , b= 5cm , m ( C) = 20° S 
© Solution 
We have to find c, m ( A), m B) 11 cm 
„ c= a b 2 ab cos C (cosine rule) 
= (11) + (5)? - 2 x 11 x 5 cos 20° 


¢ = ¥ (113 + (5) - 2 x 11 x 5 cos 20" = 6.529 cm 


cx A= ee -- 0817 | 
m (Z A) = 144* 49 
m ( B)= 180" -[m(7 A) + m(Z © [ 

= 180° - [144.786° + 20°] = 15.214* 


When you find the measure of an angle of a triangle given that the lengths of 
two sides of the triangle and the measure of the included angle, it is preferred 
to use the cosine law rather than the sine law because: 


1- In the case of using the sine law: 
> The sine of the acute and obtuse angles is always positive. 

2- In the case of using the cosine law: © 
The cosine of the obtuse angle is negative. You can use the 
The cosine of the acute angle is positive. sine rule to find m 
The cosine law allows to solve triangle given lengths of the (L A. n (< B) 
three sides. 
Given that the sum of lengths of two sides is greater than the 
length of the 3rd side. 

El Try to solve between the acute 

and obtuse angles. 


(2) Solve the triangle ABC in which a = 24.6 cm , c= 14.2 cm, 
m(/ B) 42* 18 
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Second: Solving the triangle given the length of the three sides: 


O) Example 
(3) Solve the triangle ABC in which a = 9cm , b = 7cm , c= Sem. 
© Solution 

the required is finding the measures of the angles A , B and C 


Uc. apf- = 0.1 


cos A SEE 


m (Z A) = 95° 44' 21" 
Qe. ; 
2ca 2x5x9 
m (Z B) = 50° 42' 13" 
m ( )م | - “180 دك‎ A)+m(/ B)] = 33" 33' 26" 
E Try to solve 
(3) Solve the triangle ABC in which a = 12.2cm, b = 18.4cm, c = 21.1cm 


The cosine rule provides a preface to the ambiguous case which has been studied in the sine 
rule, and to find the length of the third side using the cosine law we get aquadratic equation 


cos B = 0.633 


and the number of positive solutions of this equation represent the number of triangles and the 


following example illustrate this case. 
@p Example solving a triangle given the lengths of two sides and the 
measure of an angle: 
(4) Solve the triangle ABC in which a = 6cm, b = 7cm , m (Z A) = 30° 
© Solution 
Serre عي‎ m ti B),m(Z © IT 

a? = b? + c! Abe cos A (cosine rule) (Mu) 
62 275 + 2 - 27 e cos 30“ 
0 =c?-7 7/3 3+ج‎ then 2-7 7/5 0ع 3] +ع‎ 


^ CHATS £V JS ax p 13XThe general law for solving the quadratic equation) 
^ سدع‎ 10.935 or c= 1.188 


Each positive solution c represents a possible triangle, so we have two triangles. To find 
cos B then: 
توبات‎ 2 

2ca 
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when c = 10.935 when c = 1.188 


10.935)? + (6)? - (7? 1.188)? + (6) - 
sB, = SG . 
cos B, = 0.812 cos B. = - 0.812 
m (Z B) = 35.685* m(Z B,) = 144,314" 
~ 35° 41'6" = 144° 18' SQ" 
m ( C,)= 180° m (L A) m الرق‎ m (Z Cy) = 180° - [m (L A) &mC/ B 
= 114.314" = 5.685" 
= 114° 18°50" ~ 5* 41'6" 


Explanation; In one of the triangles c = 10.94, m ) ث‎ B) = 35° 41'6", ث ) م‎ C) = 144° 18' 50", 
and in the other triangle c = 1.19 , m B) = 114° 18' 50" „m(/ C) = 5° 41' 6". Compare these 
results with the results to those obtained in example (3) lesson one (page 158) which solves the 
same triangle by using the sine rule. 

E Try to soive 

Solve the triangle ABC in which a = 8.6cm , b= II. lem, m (Z A) ع‎ 63* 


Geometric Applications on the Cosine Rule 


O) Example 

(5) ABC is a triangle in which a = 63cm , b - c = em. the perimeter of the triangle is 140 cm, 
Find each of b, c and the measure of the smallest angle of the triangle also find the area of 
the triangle to the nearest centimeter square. 


O Solution 
‘'a+b+c =140 (perimeter of the triangle) ,a=63 
bee = 140-63 then b+c=77 (1) 
° b-c 227 (given) (2) 
by adding (1) , (2) : 
2b=104 then b= 52cm 
substituting in (1) c = 250 


We see that c is the shortest side of triangle ABC 
^ Æ Cis the smallest angle of triangle ABC 


N )63(2 + (527 - (257 
2a b 2x63x52 


„ m(Z C)=22° 37 


^ cos C = 0.9230769 
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the surface area of the triangle ABC = } ab sin C 
= } x63 x 52 x sin 22° 37 = 630cm? 
E Try to solve 
0 AABC in which b= 4cm, a +c = وت 1 ل‎ , a -c= lem, prove that m (Z A)=2m(/ B), then 
find the perimeter and the area of the triangle ABC , round the area to the nearest centimeter 


square. 


O) Example 
(6) ABCD is a quadrilateral in which AB = 22cm , m (Z ADB) = 65", m ( DBA) = 50", 
BC = 25cm, DC = 18cm, Find: m ( CBD) ,m(/ BCD) 
© Solution 
In ^ ABD A 
m(/ A) = 180“ - )50* + 655 
= 180° - 115* = 65* y 
'" )م‎ A) 2mC^/Z D)265* 22 cm 
^. AB = BD = 22cm 
In ^ DBC 
cos(/ DBC) = (BD? + (BC? - (DCP 
2 (BD) (BC) 


(22 + (25 -(18P — 
iss Fr Ser 


^ m ( DBC) ~ 44° 28 6" 
(BC? + (CD) - (BD)? * ^ 

cos( < BCD) = 2 (BC) (CD) " و اك‎ sonm 
.. m(Z BCD) = 58° 53' 28" 

E Try to solve 
ABCD is a quadrilateral in which m (Z DAB) =m (Z DBC) = 90° ,P 
BD = 10cm , AD = em. m ( DCB) = 30° , Find AC to the 
nearest centimeter. 5 


Qi Example 3m 
(7) ABCD is a quadrilateral in which AB = 3cm , AC = 8cm, 
BC = m. CD = 5cm , BD = 8cm , prove that the shape ABCD 708 B 
is a cyclic quadrilateral. 
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© Solution 


In A ABC 
— m Pece- _ (S4(3-CY 21 
Abe 2983 2 

„ m(/ A)=60" a) 
In A BDC 

(CDF + (DBF -(BCF _ (SP +(8P-(7P _ 1 
a.) eee 
„ m(Z زط‎ = 60° (2) 


m ( BAC)=m(/ BDC) and they are on the same base BC and on the same side of it. 
then the shape ABCD is a cyclic quadrilateral 
IS try to solve 
(6) ABCD is a quadrilateral in which AB = 9cm, BC = Sem, CD = 8cm , DA = m. AC = 11cm. 
prove that the shape ABCD is a cyclic quadrilateral. 


angle 
GD... is used to solve triangle given measures of two angles and the length of one side 


G) In triangle LMN: Ê = m? + n? - cos L= mm. 


e In triangle ABC , the lengths of its sides are 13, 17, 15 then the measure of the greatest angle 
is x 

(5 XYZ is a triangle , the lengths of its sides are 5.7cm , 7.4cm, 4.3cm then the measure of the 
smallest angle is 2 

(6D ^ XYZ having x = 10 cm , y = 6cm , m (ZZ) = 60* then z > 


(7) In triangle LKM, k? +m? - £ = 


Choose the correct answer: 
(8) The measure of the greatest angle of the triangle whose sides lengths are 3, 5, 7 is: 
8 150° b 120° c o d 3) 
(9) In triangle LMN the expression Û = equals: 
a cosL b cos M € cosN d otherwise 
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10 In triangle XYZY y? +2? قر‎ 22yz x ..... 


8 cosX b sinZ € cosZ d sinX 

GD In triangle ABC. a: b: c = 3: 2: 2 then cos A equals 
al b.i cl d 0 

Answer the following questions: 

42 Show that for each of the following triangles there exist only one or two or none solution 
approximated to one decimal place. 


a a-4cm,c = 16cm, MC = 115* b ala em. e em. M A) 2 27 
€ a= ,لمعك‎ c= 12cm, m A) > 65" d عق‎ 14 cm. b= 18cm, m(Z A) ع‎ 42* 


42 In triangle ABC if: 
a a Sem. b= Jem. c = 8cm prove that m( B) = 60° 
b az= 3cm, b= Sem. c= 7cm prove that m C) = 120° 
© a= 13cm, b Jem. c = 13cm find m ^ C) 
d a= 13cm, b= 8cm, عن‎ 7cm find m(Z A) 
e a= 10cm, b= I7cm,c = 21cm find the measure of the smallest angle 
f a= Sem. b= 6cm, ce = 7cm find the measure of the biggest angle 
g azli7cm, b= llcm, MO =42° find c to the nearest hundredth 
h b=16,c=14,m(4A)=72" find a to the nearest hundredth 
In 


is In the exercises ( a - e can the triangle ABC be formed? If so , solve the triangle: 
a m(Z A)= 55", b= 12cm, عن‎ 7cm b a=3.2cm, b= em. c = 64cm 
© a= 12cm, blem. MZ C) = 95* d a= icm, b= Sem. c= 4cm 
e MCA Aa = Dem. b = 10cm 
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Geometric applications 
4€ ABCD is a parallelogram in which the length of two adjacent sides are 18 cm , 26 cm , and 
the measure of the angle between them is 39°. Find the length of the shortest diagonal to the 
nearest hundredth. 


4z ABCD is a quadrilateral in which AB = 9 cm, BC = 5cm, CD = 8cm, AD = 9cm , AC = 117+ 
prove that the shape ABCD is a cyclic quadrilateral. 


48. ABCD is a parallelogram in which AB = em. BC = 13 cm, AC = 20 cm, find the length of BD 


49 ABC is a triangle of perimeter 70 cm, a = 26cm , 
m(Z A) = 60“, Find its surface area. 


20 Maritime navigation; Kareem and Ghadeer stand 
on one of the sides river. How far is Kareem from 


the boat to the nearest m? 


21 Agriculture: A farmer wanted to fence a triangular 
piece of land lengths of two sides of it 98 m, 64 m , 
and the measure of the included angle between them 
is $2" What is the length of that fence? 


22 Theoretical proof; ABC is a triangle in which D is the midpoint of BC , prove that: 
(AB? + (ACP = 2 (AD? + 2 (BD 


and if AB = Sem , AC = 8cm , BC = 12 cm find AD. 


23 Theoretical proof: (For pioneers) ABC is a triangle in which: (a + b + c) (a+b-c) = k ab 
prove that: K € JO , 4| , then find m. C) when K = ١ 
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2% distances; Kareem wanted to cover the distance from m 


city A to city C passing by city B Using his motor bike 


with uniform speed 36 km/h, then returns from city C 


A 


to city A With uniform speed 42 km/h. Find: 
a The distance between city C. city A 


d The total time in minutes for the whole journey 6m 
F c 
29 Architectural design; Architect designed a building at the 6m 
form of regular octagon , the length of its side is 6 meter Find. G 8 
the lengths of the diagonals HB , HC, HD. 4 
$6 Discover the error; In triangle ABC, if a = 7 cm, b = 10 cm, c = 5 cm, A) = 41.62". 
Find m( / B) 


- 
tye The ere! 


For more exercises, please visit the website of Ministry of Education. 


t’ 
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Unit Summary 
1 The sine rule In any triangle, the lengths of the sides are proportional to the sines of the 
opposite angles. ie. In triangle ABC: A 
»—z b zE =2r 
sinA sinB dn c b : 


(where r is length of radius of circumcircle of triangle ABC) 
and we can use the sine rule to solve the triangle in the following cases: 
> If the length of one side and the measures of two angles are given. a " 
> If the lengths of two sides and the measure of the angle which is not included between them is given. 
3 
The Ambiguous case; which given in it the lengths of two sides and the measure of angle 
opposite to one of them. If the length are a,b and acute angle A , height is h = b sin A then: 
WEA . SERES aca 


b j^ a b 2 
8 ^ 2 B A 
One triangle Two triangles No triangle 


a&b a= h h<a<b ach 
Surface area of any triangle (S.A) = | product of lengths of two sides x sin of included 
angle between them 
Surface area of ABC =} ab sin C =} ac sin B = be sin A ۸ 
The cosine rule: The cosine rule states: In any triangle ABC b € 
— then cosA sU t 1 

2 de a B 
Uscles.2caco B" tea c B . 


c2ma’+b?-2abcosC then cx C. fiber. 
a 


Using the cosine rule in solving triangles: we can use the cosine rule to solve the triangle 

in each of the following cases: 

» The lengths of two sides and the measure of the angle included between them are given. 

> The lengths of the three sides are given. 

> The lengths of two sides and the measure of the angle which is not included between them 
(the cosine rule provides a preface to the ambiguous case which has studied in the sine rule 
and to find the length of the third side using the cosine law we get a quadratic equation and 
the number of positive solutions of this equation represent the number of triangles. 
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Multiple choice questions 
C) Without using calculator, the value of cos 120": 


a 1 LED مزل‎ d d 
2 Which of the following angles has -ve for sin and tan: 
a sr b 150° c 200° 4 315° 
(3) What is the value of Z on that ramp to nearest one decimal. 
— E — 
€ 123 4 19.1 zs 
(4) What is the value of a to the nearest tenth in triangle A ABC in which b = 6cm , دع‎ 7cm , 
m(/ A)= 30": 
a 34cm b 35cm € 36cm d 66cm 
(©) If the terminal side of angle © in standard position cuts unit circle at point ) $, 33. ) 
then tanÓ equals : 
G LL OLEN فاه‎ d /* 
43 4 ¥3 
(© The identity connecting tan @, sec E is in the form: 
a tan? 0 -[ = sec? 0 b sec?0-1 =tan? 0 
© tan? 0 - sec? 0 =l d tan? O+1 = sec? 0 
(7) The radius length of circumcircle of ABC , in which m(Z A) = 60° „a = 2 sF cm is: 
a 2cm B en © MS cm a تك‎ om 
O In triangle LMN quantity + F equals: 
a cosM b sinN © cos L. d sin N 
Questions with short answers: 
(> accurate value for each trigonometric function: 
a sin 225° d Sec 150° € Tan Az 4 cos A 


10 Find two angles one with «ve measure and the other with -ve measures having the same 
terminal side with each of the following angles: 


a 135" b 315" e 45 4 
ap Change to radian measure or degree measure for each: 
a 300° b -135 (e) SK a £ 


Pure mathematics - Second form secondary - Scientific 2019-2020 


42 Find length of arc apposite to angle of 210 * In acircle of radius length = 6cm. 
[Hint L =r x@0™ | 
$3 Hsin A= S where كك‎ > A < 7 un B= موك‎ 7 > B A find value sin A cos B + cos A sin B. 


Hint to No 13: Find trigonmetric function for each Z A, ZB , using the quadrants then 
substitute in the required expression. 


14 In the triangle XYZ if x = 10cm , m(/ X) = 30 °, m(_/ Y) = 45*, find y to the nearest tenth 
59 ABC is a triangle in which a = 4cm, b = Sem. c = 6cm, find the measure of the greatest angle 
of the triangle then find its area. 


Long answer questions: 

46 ABC is a triangle in which, m A) = 2 m(ZB) = 4 mC/ C) , the length of the radius of 
the circumcircle of the triangle ABC equals 10cm Find the area of the triangle ABC. 

42 ABC is a triangle in which a = 13cm , b =14cm , c = 15cm, find the length of the radius of 


the circumcircle of triangle ABC. 

GÒ Solve the triangle LMN having m= 17cm , M L) = 16° 33° ,m(/ N) = 19° 44° 

49) For triangle ABC determine whether there is one or two y B (c cos A, c sin A) 
or none solution . Find the solutions approximating the B 


side to nearest one decimal and angles to nearest degree. 
8 a=20cm, b= 28cm, M2 A) z 42" 
b a-5cm,b =7 cm, M A) = 
¢ a= 15cm, b= 10cm, M A) = 120° 
20 Using given figure prove that: 
داع‎ 2 + c?- 2b e cos A 
(Hint: Using the distance law between to points to find (BC)? 


Do you need extra help? 


2 3 E 5 6 7 8 9 10 


14 1% 1 4 % 1 4 


1-4 
lessons 
2-4 
lessoe 
14 


15 16 17 18 19 20 


BRIBIB E 1122 1 12113: 
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Test 1 Algebra 
Answer the following questions: 
Question (1): Choose the correct answer. 
@ if 5-2 then 25'- 
EXIT b6 es d4 
(2) The shape which represents y is a function of x is: 
A B c 


(3) if the curve y = log, (1 - a x) passes through ( i) then a = 
a2 b3 6 4 d 8 


a From the following functions, the one-to-one function is: 


a fo)esx«2 — b % = € fx) ld 4 f(x)25 
Question (2): 
) Determine the domain of each of the following functions: 
a fü) = b gia + 
@ M f is a function, where f(x) = | i i pie- Graph the curve of the function f and 
from the graph find the range of f 
Question (3): 


GD If fi: R — R where f,(x) = 3x - 1, fj: [-2, 3] — R where f,(x) = 3 - 2x then graph the 
function (f, + f3) (x) showing its domain then check its monotony. 
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(2) Find the inverse function of the function y = x + 1 and graph them on the same figure. 
Question (4): 


C1) Find in R the solution set of each of the following equations: 
a log,rs 1 log c- 3) b +عا‎ 2| = lx -3| 

(2) Use the curve of the function f where f(x) = x? to graph each of the following functions: 
a -تدء زر‎ 3 b )يم‎ - 1+3 

Question (5): 


C1) Find the solution set of the inequality Ax - 21 > 7 in R 


(2) Find in R the solution set of the equation : 4. lox? «9-0 


Test 2 Algebra 
Answer the following questions: 
Question (1): Choose the correct answer. 
QD 13:2 - 222 then x= 
a 3 b 2 € zero d 2 
2 Ify=¥ for all x > 0 then the inverse function of y is = 
A yal? 8 yap c y=x-1 0 yz! 
(3) If fis an odd function on [-x, x] then f(-x) + f(x) = 


A 2x B not defined C 2x 


0 The curve in the opposite figure is symmetric about the straight 
line whose equation is: 


a ع‎ > 0 b y=0 
c y=-2 d x=2 
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Question (2): 
CI) If f(x) = a* prove that the expression —! + ل‎ has a constant value whatever the 
value of x. E IOTA 


(2) Find the domain of the function f where f(x) = log, , x 


Question (3): 

CT) Use the curve of the function f where f(x) lui to graph each of the following functions: 
A faske B f(x) =2 - لها‎ 

2 Draw the graph of each of the following functions then determine the domain, monotoncity 
of each: 
a دور‎ feet b f(x) تباء‎ - Ax Sl, x e [0,4] 

Question (4): 

1) Determine whether each of the following functions is even, odd function or otherwise. 
D 5 x! when x 2 0 
* ge- ld when x > 0 
C fx) s idu - 1 

(2) Find in R the solution set for each of the following: 
a lWi+x=0 b Qx-3-16-4x 0 

Question (5): 

@ MfG) =x? - ١ , g(x) = x + then graph the function JL (x) showing its domain, range and 
monotony. s 


G7 Without using calculator find the value of لك + كدوم‎ Eie. 
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Test 3 Calculus and trigonometry 


Answer the following questions: 
Question (1): Choose the correct answer. 
“> lim res = 
M sm xe + 3) 
5 1 3 
A 8 B | c 2 D 3 


2 In triangle ABC , If 4 sin A= sin B =6 sin C, then m(/ C) = 


A 89 B 29" Cc 57 D 82° 
O irre funtion where w | ES GEL MEME ا‎ 
a zero bl 2 9 c 55 d | 
a In triangle XYZ , the expression TC equals: 
8 cosX b cosY € cosZ d sinZ 
Question (2): 
qm © بع‎ rm 10 pM cC 


(2) Solve the acute angled- triangle ABC in which a = 21 cm , b = 25 cm the length of the 
diameter of the circumcircle of triangle ABC equals 28 cm. 


Question (3): 
C1) from the opposide graph find 
a - fio b ae fio c filj= 
4 — it~ 


2 ABCD is a parallelogram in which m A) = 50°, M DBC) = 70", 
BD = 8cm. Find the perimeter of the parallelogram. 


Question (4): 
1 ABC is a triangle. in which a = 5cm, b = 7em , M A) = 40° find m B). 


(2) Find the value of a which makes the function fis continuous at x = 2 
feos X-i . x22 
x-2a , x«2 
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Question (5): 


ue ,x»0 
i) Discuss the existence of lim — f(x) where f(x) = x 
x0 S , x<0 


Lim - 
x1 me 


Test 4 calculus and trigonometry 


Answer the following questions: 
(Question (1): Choose the correct answer. 
lim t- 5 
Qu. 45 
A3 LE cl OF 


(2) In triangle ABC, cos A = 
ee EE. 2.2 8 S19 
a2 +b ع«‎ . 2s -b r3 b+c -a 


١ 
= ` — A 


2a b 7 "T A EE E 
Q) ABC is a triangle in which 88 = ZS = SP then a: b: c= 
A 6:5:8 B 8:5:6 € 7:2:4 0 3:5:6 
lim W 
ومع‎ 2+1 
Al LI 2 c l D3 


Quite On — 
— 2 
1 If the function f where fix) = 43 is continuous at x = -3, find 
the value of a. ds 2 x23 


(2) ABC is a triangle in which 4 sin A = Î sin B = 1 sin C. Find m. C) and if the perimeter 
of the triangle = 24 cm, find its surface area. 


Question (3): 
x! + sin Ax 

. lim 
© Find: Uim, Sx cos 2x 
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(2) Solve the triangle A B C in which a = 9cm , b = 15cm , M C) = 106* 


Question (4): 


5 
P main 


2 2-4 
2 ABCD is a quadrilateral in which AB = 27 cm, BC = 12 cm, CD = 8 cm, DA = 12 cm, 
AC = 18 cm. Prove that AC bisects Z BAD then find the area of the shape ABCD. 


Question (5): 
@ Find ge 2+5 -2 b lim ل‎ / 


x0 ram X^ - X 


(2) If the perimeter of a regular pentagon is 30 cm , find its surface area. 
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An المواصفات‎ 


v. / We رقم الإيداع‎ 


Y [| Y* 34 / NAG 


طبع بمطابع أكتوبر 


